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My Wor thy Friend 
| Cranes Cox 22 


Member of parliau for the 
Burgh of Southwark. 


Dear 8 EE, 


on have 4 oh me, 1 ac- 

count it not the leaſt, that you 
Dave given me a Riſe to revive 
ny Mathematical Studies; 12 
= which, as I have formerly ſpent ſome Time, 
E OT know of no more uſeful Way of emplcy- 
ins my leiſure Hours. 

And indeed, Sir, the Diverſion and Ad- 
vantage 1 have lately reaped from them, hath 
(by the Divine Bleſſing) both ſupported me 
ander, and in a good Meaſure carried me 


ach Preſſures and Difficulties, 4 


1 once almoſt IF ere of ſurmounting. 
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The Epiſtle Dedicatory. 
The Mathematick Lecture which Tou ot © 
firſt ſet up gratis in your Burgh, and which 
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out of an uncommon Ceneroſity, Jou did af- 
terwards remove into the City of London, 7s 
a demonſtrative Proof both of your ſincere Eu- 
deavour to promote the Good of your Country, 
and alſo of your Capacity to do it the beſt 
Way. And as have already, in a good De- 
gree, ſo I hope to fee ſuch Effects from ſo no- 
ble a Deſign, as will render your Name juſtly 
honourable to Poſterity, as well as this pre- 
ſent Age. Sir, Ton know your Self and 
Me too well to take this for Flattery, *Tis © 
what Truth, Mice and Gratitude oblige 
me to ſay. 3 

IT ſhall only add, That I am again glad of | ö 
this Opportunity to ſhew the juſt Eſteem I | 
have of your Merit, and the equal Regard I | 
have for your Friendſhip. I am, * 


S 1 R, 
Your moſt obliged 


Humble Servant 
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THE 


TRANSLATOR 


ier frequent Peruſal, and mature De- 
„liberation on this Book; J judge it to be 
e flaineſt, ſhorteſt, and yet eaſi 
RB Geometry T haus ever ſeen publiſb' d: 
WES 4:7 therefore I thought it very well 


= worth my While to let it * a ſixth Time in our 
= own Language, as it had already done twice before 
in the Latin Tongue. And tis ſo well eſteem'd of, 
= by very competent qudges amongſt Us, as to be real 
m our Univerſities, by Tutors to their Pupils : And 
> alſo, which is not uſual with Books of this Kind, 
here have been three entire Impreſſions ſold off in a 
little more than as many Years Time. | 


. 


As tothe Tranſlation; I have by no means obliged 


75 my ſelf ſervilbly to follow the French way of Ex- 
Prelſion; for indeed a literal Verſion of a Book ous 


of any Language will be ſcarce intelligible in En- 
gliſh. T Fave therefore all along aimed rather to 


grve yon F. Pardies's Senſe, than his Words; and 

pave mace him ſpeak what T judge he would have 

aa be wwrote in our Language. I have made 

= 3 70 Seraple to add any thing that I ſaw neceſſary, 
1 1 
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The TRANS LA TOR, &c. 

to render him clear and intelligible ; and particu- 

larly what follows, which was not in ſome of the 

former Ea1t10ns. „ 
As the ſegona Book of Euclid about the Porter 

of Lines ; The Menſuration of the Surfaces of So- 


lids, Archimedes hs Proportion of the inſcribed © 


Cone and Sphere to the circumſcribing Cylinder ; the 
Figure of the 5 regular Bodies; ſeveral A14itions 
aud Improvements in the Doctrine of Propcrtion : 


Le Menſurarion of the Fruſtums of Pyraniis ant | 


Cones ; ſome new Properties of a Right-angled L ri- 


angle, and of the Circle, &c. I have atjo left out 


ſome more of Pardie's Propoſitions, which, on re- 
peared Expertence in Teaching, I have found leſs * 
rſefut; as atſo all the Elements of plain Trigong- © 
metry, which I had before added to his Ninth Book -| 


becauſe I have Pubiſh'd a ſinall Treatiſe cn that 


Subject by it ſelf ; and my chief Aim now hath been 


to lead the Learner into a little more abſtratted aud 


conciſe, tho“ a moſt nſeful and univerſal Method of 


Demonſtraticm; iutroducing now and then a little 


Algebra, hat T thereby engage the Reader in a | 
Love , and and Value for that moſt noble amd won- 
aerful Science: And to give him a good Foundation ® 
to build upon, and a ſufficient Riſe thereby to carry © 
him into Finxions, and the new Methods of Inve- © 
ſtigation ana Demonſtration, where he will ud 
ſugicient Satisfattion. Nor need he be diſcourages 
at the Attempt, for tis well known, that I have 
taught ſeveral Perſons to underſtand the elementary 
Parts of all Mathematicks ſo well, that they have 


been able to go on every where, without the Alſiſt- 
ance of any Maſter, in leſs than a Tear's Time. 
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| PARDIES Advice to thoſe 
' who would U. nder ran 
Geometry. | 


Ret H EY 1 to enure them⸗ 

ſelves to conſider well the Fi- 
Wh! 2705s, at the ſame Time as 
they read the Propoſitions. 
Oo OT. There will be fome Labour 
1 5 Diffculty at firſt, but they will break 
thro' it in two or three Days. 

II. They ought not to be diſcouraged, if 
they meet with ſome Things which they do 
not underſtand at firſt; Geometry is not ſo 
® caſte to be attained, as ; Hiſtory. 
III. If, after they have read and N 
KS dered attentively any Propoſition, they find 
they don't · underſtand it, let it be paſſed 
44 over, it will probably be intelligible by read- 
Wing farther, or at leaſt when they have gone 
over the whole, and have began to read it 
72 over a-new. There are indeed many things 

in Geometry, that will never be well under- 


"a at firſt reading over. 


IV. 1 he 


K 
—— 5. 


1* 1 
1.4 
N 
7 
% 


Advice to thoſe, &c. 
IV. The Numbers which are within the 
Parentheſis, v. gr. (3. 14.) ſhew that the 
Matter there ſpoken of, hath been proved 
elſewhere, v7z. in this Inſtance, in the 14th 
Article of the III Book: And they ought al- 
ways to mind the Number of the Article, and 
to conſult the Places referred to, that fo 
they may gain the Demonſtration of what 
they read. 


V. When they meet with any Words 


which they don't underſtand, they may 
conſult the Table at the End of the Book. 
VI. Tis good to have a Maſter at firſt, 
to explain to them the Nature and Manner 
of the Demonſtrations ; for by that Means 
they will underſtand the Thing much eaſter, 
and much ſooner, than they can do by read- 


ing by themſelves. 
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Of Lines and Angles. F 


the Word Quantity, which in 
the General is the Subject of Geo- 
metry; we mean that whereby one 
Thing being compared with an- 
other of the ſame Nature, may be 
F ſaid to be Greater or Leſs than, E- 

qual or Unequal to it: As Extenſion, i. 2. Length, 
Breadth or Thickneſs, Number, Weight, Time, 
Motion, and all thoſe things which are capable of 
being ſo compared as to more or Leſs, are the Ob- 


ject of Geometry. 
1 2. We deſign nevertheleſs to conſider now only 
Extenſion; as being that which ſerves for an Exam- 
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ple and Rule ro meaſure all orber Quantiries by. 


B 3. That 
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2 ELEMENTS 


3. That Quantity which, being ſuppoſed without 
any Breadth or Thickneſs, is extended only in 
Length, is called a Line. That which hath bor 
Length and Breadth, (bur is ſuppoſed to have no 

| Thickneſs) is called a Surface, or Superficies: And 
that which hath Length, Breadth and Thicknels, is 
called a Body, or Solid. 5 

4. A Point is that, which is conſider'd as having 
no manner of Dimenſions; and as being indiviſible 
in every reſpect. The Ends or Extremities of 
Lines, as alſo the Middle of them, are Points. 

5. There are Strait Lines, and there are Crooked 
or Curved ones: Alſo there ate Even and Plain Sur- 
faces which are called Planes; and there are Crooked 
or Curved ones : Which like a Vaulr, (or the Tile of 
4 Boat or Waggon, are Convex above, and Concave 
below. | | 

The Generation of Lines may eaſily be conceived 
to be made by the Motion or Fluxion of a Point, 


as A. 


'B 
A c 


Which if it move directly from the Term A, to 
the Term C, or go the neareſt or ſhorteſt Way 
poſſible, ir then forms what Geometers call a Right, 

or Serait Line. 5 
Il it go firſt directly to B, and then alſo the near- 
eſt Way to C; it forms two Right Lines, A B and 
BC, which, taken together, are longer than the Line 
AC; and conſequently, two Sides of any Triangle 
muſt be longer than the Third. 
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Book I, of GEOMETRY. 


If the Point A move not in one or more right or 
ſtrait Lines towards C, it muſt go crooked, and ſo 
* will form a Curve or crooked Line, as A D Go 


And from hence alſo tis plain, 


Time generate equal Lines. 


That any two 


Points, moving with equal Velocity, will in the ſame 


6. When two Lines meet in a Point, the Aper- 
I ture, Diſtance or Inclination between them, is call'd 


Man Angle, Which, when the Lines forming it are 
| righ or ſtrait ones, is called a Kine Angle; 


its Legi. 


gine thoſe Lines to be moveable like 
the Legs of a Pair of Compaſſes, 
and yet faſtened together in A, as 
k hes a Joint, tis eaſie then to con- 


B 2 


A O 
J. Thar Angle is ſaid to be leſs than another; 
05 whole Legs are more inclined to (or nearer to) each 


other. Let there be two Lines AB and A C meet- 
ing in the Point A, If you ima- 


as A. Bur if they are crooked, *ris called a Curvi- 
1 © lineal One; as B. And when one is ſtrait and the 
a other crooked, "cis called a Mix'd Angle; as C. 


N. B. The Lines, forming any Angle, are called 


% 
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4 ELEMENTS 
8. It muſt therefore be obſerved, that the Quarn- 
tity of Angles is by no Means meaſured by the 
Length of their Legs, but by their Inclination. 
Thus, v. gr. the Angle B is bigger than A; tho' the 
33; Legs of the Angle B, are much ſhorter than thoſe _ 
E ||| of A: But then thoſe of A are 


f 1 much more inclined to each c- 
| | 1 ther, than thoſe of B. And to q 
| if ; apprehend this the better, ima- 
Fl G gine the Angle B to be put up- 
if on A, as you may conceive bj 
4 | | the prick'd Lines about A, 
2 which repreſent the Legs of B lying on ir. For tis 


| 
plain the Angle A will be eafily contained within B; 
1 and that its Legs are much more inclined to one ano. 
ther, than thoſe of B, and therefore it is leſs than B. 
9. An Angle is uſually marked by three Leiters, 
of which the middlemoſt, and which always is 
placed at the Apgular Point where the Lines meet, 
denotes the Angle. As in the Figure following. 
bac denotes the Angle made by the two Lines b a 
and ca meeting in the Point a. 5 
10. If we imagine the Line a b faſtened by irs End | 
4, in the middle of the Line dc, but yer lo as ro be 
moveable to 4, as on a Center; 
. b If then you conceive it to be mo- 
* mA * ved quite round, till it arrive at 
. c the Place where it began, the 
: dd Point 5 will deſcribe a Curve 
„ Line, which is uſually called a 
12 5 Circle; but ttis rather the Cir- 
cumference of a Circle; for properly ſpeaking, the Cir- 
cle is the Space contain'd within the Circumference, 
11. Any Part of the Circumference is called an 
Ark, as be. 1 
12. The Line de (paſſing through the Center) and 2 
rerminared by the Circumference, is called the Dia- 
| | | meter, 
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Book I, of GEOMETRY. 

meter, and divides the Circle into two equal Parts. 
Alſo every Right Line paſſing thro' the Center a? 
(and terminated at each End by the Circumference 
. divides the Circle into two equal Parts, as Will be 
he a Diameter. 
fe , 13. Lhe Line 2h or ac, or any other drawn from 
re the Center to the Circumference, is called the Ra- 
5 dius, or Semi- diameter. 
134. All Radius's or Semi- diameters (of the ſame or 
equal Circles, ) are equal. (As is plain from the Geneſis 


a- 

p- "of a Circle given in Art, 10.) 

by 15. When the End b of the Radius ab is equally 
A, 5 diſtant from the two Ends of the Diameter de; 


tis Tbat is, when the Point 6 is in 5 

B; the very middle of the Semi. cir- 

o. cumference dbc; chen will ba 8 | 

B. make two Angles with de that are 4 1 c 
1 Jcalled Right ones: Which are e- 2 | 
is qual to one another, that is, the : 

„ Angle dab is equal to bac. And e 

| 8. j rhe Line 6 a be produced below 

4 to e, it ſhall then (with dc) make four Right An- 


pry les; ; and it will be another Diameter; which with 
the former de will divide the Circle into four equal 


be 0 Parts. 

; * 16. Then thoſe Lines are ſaid to be perpendicular 
o-one to another, viz. batode, and da to be. 
at 17. But if b be nearer to one End of the Diame- 


he ter (or Right Line) dc, than jr is to 


ve the m_ 3 then ſaid ro fall on 
2 the other obliquely; and it makes "I 
12 with dc rwo Angles that are Une- 42 * 


ir- l Of which the Leſſer b ac v6 N 
e, is called Acute, and the Greater 
it 2 4 b is called Obruſe. 
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If the Line 4 be produced to e, it will be a new 
Diameter, and will make below two other Angles : 
So that in the whole here will be 

four Angles; of which thoſe two 
that touch only in the Angular 
Point, as bac ande ad; as alſo, 
d ab and e a e, are called Vertical, 
or Oppoſite Angles. But thoſe that 
have one Leg common to both, as 
dabandbac; andbacand eac are called Ad. 
joining or Contiguous Angles. ; 
18. Thoſe Angles, which (at equal Diſtances from 
the 'Angular Point) are ſubtended by equal Arks, 
are alſo equal themſelves. As if the Ark 6 c be pro- 


ved equal to the Ark de, then will the Angle 6 ac 


be equal to 44 e. 


19. The two Contiguous Angles taken together, are 


always equal to two Right ones. 

For as the Line de is a Diameter, and there fore 
cuts the Circle into two equal Parts, the two Arks 
d h and bc, taken together, will be equal to a Semi- 
circle. Wherefore the two Angles da b and bac, 


together, will be equal to two Right ones, becauſe. 


they complear the whole Semi- circle, as two Rig ht 


ones do. (Art. 15.) 


20. So that this Propoſition is of univerſal Truth, 
That one Right Line, falling on another, makes the Con- 
#iguous Angles (together) equal to two Right ones. 
For if the Lines are Perpendicular to each other, as 

4 is to dc, Then tis plain the 

p /5 Angles muſt be Right (by the 15.) 
And if the Line fall obliquely, as 

ba doth, then indeed the Angles 


| — = wm” - unequal : Bur as much as the 


Obtuſe one d a b exceeds one Right 
Angle, by ſo much is the Acute one ba e exceeded 
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Book I. of GEOMETRY. 


by the other Right one. So that the Smallneſs of 


| one is compenſated by the Greatneſs of the other. 


21. Hence alſo it follows converſely; for (where- 
ever the Property is found, there the Thing is, in 
Geometry.) that if two Angles, which have one Leg 
common to both, do make Angles equal to two 
Right ones, their other Legs do make bur one Right 
Line. Let the Angles dab and bac be (together) 
equal to two Right ones. Then I (ay, that the 


Lines da and 4 c do join ſo together, as to make one 
Keight Line (vid. Fig. in Art. 17.) which is clear 
from what hath been ſaid, For if on the Center 4 


you deſcribe a Circle db ce, the two Arks db and 
bsc will be equal to a Semi- circle, becauſe the two 


ö 4 Angles dab and b ac are ſuppoſed to be equal to 


© thele Angles together do compleat 


all theſe together are equal to four 


two Right ones. Wherefore the Lines da and ca 
will make a Diameter, and conſequently be joined 
into one Right Line. 


22. If from the Point 4 you draw ſeveral Lines, as 


a 5 ad, af, ab, ah, ag, Sc. they will make diverſe 
-— Angles; and all thoſe Angles taken together, be they 
more or leſs, will be equal to four | 


Right ones, For 'tis clear, all 


the Circle db ce, whoſe Circum- 4 
ference they divide into jas many 
Arks as there are Angles, Now 


Quarcers of a Circle; which is 


28 much as to ſay, that all the Angles are equal in 
the whole to four Right ones; for ſo many Right 


Angles do alſo compleat the Circle. 
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AXIOM I. 


If to, or from equal Things, you add or 
fubtract Equals, the Sums or Remainders 
will be equal. 


23. The Vertical or oppoſite Angles are equal. 
Let there be two Right Lines da c and bac (croſſing 
or cutting one another in the Point a,) I ſay, the An- 
gle dae is equal to bac. For the Ark bd, with the 
Ark bc, makes a Semi-circle ; and 

b ſeo doth the ſame Ark bd with the 


EN Ark de, Therefore the Ark bc 
a - muſt be equal to de; becauſe the 
£7 4 Ark 4b continues the ſame, whe- 

| | ther it help to compleat the Semi- 
circle with de, or b c : (wherefore 

being taken away from both, it muſt 


leave the Ark de equal to bc. But if the Arks be e- 
qual, the Angles ſubtended by them muſt be ſo too, and 


therefore the Angle dae is equal to bac.) And by the 


ſame Reaſon the Angle dab will be equal to eac. 
24. The Circumference of every Circle is (ſup- 
poſed to be) divided into 360 equal Parts, which are 
called Degrees: And every Degree into 60 Minutes, 
every Minute into 60 Seconds, every Second into 60 
Thirds, and ſo on infinitely. And to determine the 


Quantity of every Angle, we compute the Degrees 


ebhat (ehe Ark, which is its Meaſure) doth contain, 
v. gr. When we ſpeak of an Angle of 90 Deg. we 
mean 2 Right Angle; becauſe the Right Augle con- 
rains the fourth Parr of the whole Circumference, 
which is 90 Deg. the fourth Part of 360. So an An. 
gle of 60 Deg. is an Angle that contains two Thirds 
of a Right one. | 


25. (Deg, 
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f 25. Degrees are marked either with Degr. or uſually 
with a ſmall Cypher over the laſt Figure, as 60.) Mi. 
nutes with a (mall Line, as 50“, Seconds with two 
ſucb, as 20”, Thirds with three ſuch, as 25, Ge. 
So that 25 32' 43“, is to be read, 25 Degrees, 
32 Minutes, 43 Seconds. : 

286. Two Lines are ſaid to be parallel, when they 


run always equi-diſtant from 

each other. Thus the two ĩð 5 
Lines ab and ed are parallel, : : 
jf they are equally diftant from 1 i : 1 


each other in ae, in BD, in D 
5 d, and in all other Places. 

27. This Diſtance is always meaſured by a Per- 
pendicular; as if from the Point a you imagine the 


7 2 12 1 


Line ae to fall perpendicular on eo; as allo doth 
tbe Line hd on the ſame Line; we naturally conceive 
that if thoſe two Perpendiculars are of the ſame 
Length, or equal; the two Lines ab and e d are e- 
Jually diſtant from each other in thoſe two Places, 
which is ſelf-evident, and needs no Proof. 

228. Two parallel Lines, being continued infinitely, 
vet can never meet: For being always equally di- 
ſtant, there may any where be drawn between them 
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2 Perpendicular equal to 4e er bd, and conſequent- 

ly they can never meet. ä 
209. Two parallel Lines have the fame Iuclinati- 

on, one as the other, to 

any right Line that croſ- 

ſes them both. 


That is, the Angle a — CAE — 
1 
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will always be equal ro 
56, and ctod; for the 
Ainterſecting Line being 
ſuppoſed inflexible, as 
is the Caſe of all Ma- | 
-—=themacick Lines, it cannot bend ro, or from one 
A Parallel 
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Parallel more than it doth to or from the other: And 


neither of theſe Lines can alter its Poſition in reſpe&t _ 


of the Croſſing Lines, for then the Paralleliſm would 
be deſtroyed, which contradicts the Suppoſicion, 


And this is the firſt Property of Parallel Lines. 
h PN 
30. Whenever a Right Line cuts two Parallels, ir 
makes with them eight Angles: Of which four 4. 6. 
b. g. are external ; and the other four 
> . c. d. e. f. are internal. The Angles 
c andy, as alſo d and e, are called 
Alternate. The Angles e and a, as 
alſo F and b, are called the internal, 
and oppoſite on the ſame Side. And the 
Angles df, as allo c and e, are called the internal 


Angles on the ſame Side. 


FRY 5 by ** * «4 - l * 3; 
„ % I IO gent» on r 


AXIOM II. 
Things equal to a Third, are equal to one g 
| another. 5 4 


31. The Alternate Angles c and F muſt be equal; 
andalſoeandd; for c is equal to the Vertical Angle 
b, and b is equal to the internal one f, by the laſt 
Prop. Wherefore c and y, being both equal io 6, muſt 
be equal ro one another. 

The fame may be proved of e and d, which are 


Hoth equal to 4. 


32. When 


= Book IJ. ef GEOMETRY. * 
And 32. Whena Line falls on rwo parallel ones, it 
pet makes the internal Angles on the ſame Side equal 


ould to two Right ones. 


I ſay, the Angle d with F, is equal 
co iwo Right ones: Becauſe F is e- a7 
qual to c (by 31.) and e and d toge- > pi 


$, it ther are equal to two Right ones . 
+ 6. (by 20.) Therefore F and d toge- 4/> 
our ther muſt be equal to two Right 
ples ones, which was to be prov'd. 
led (The ſame Fay may c and e together be proved equal 
as to two Ripht ones; for c and d taken together are ſo 
al, (by 20. but d is equal to e (31.) Therefore c and e 
the gare equal to two Right ones.) „ | 
nal 33. One Propoſition is called the Converſe of an- 
pther; when, after a Concluſion is drawn from 
ſomething ſuppoſed, in the Converſe Propofition that 
Concluſion is ſuppoſed ; and then that which was in 
the other ſuppoſed, is now drawn as a Concluſion 
from it. For Example: We ſay here, if two Lines 
are parallel, (and another croſs them,) the Angles d 
and F together, are equal to two Right ones: Where 
ve ſuppole the Lines to be parallel, and from thence 
conclude thoſe Angles muſt be equal to two Right 
ones: But the Converſe is thus, If the internal An- 
ſt ples on the ſame Side, d and f together, are equal to 
it two Right ones; Then thoſe Lines are parallel: 
Where, after we have ſuppoſed the Angles equal to 
re two Right Ones, we conclude the Lines are pa- 
_ rallel. | 
34. Converſe Propoſitions in this Caſe are very 
true; as that, if a Line cut two other Lines, and 
makes the alternate Angles equal; Thoſe two Lines 
are parallel: which I deſire che Reader ro remem. 
R . ſr . 


x 


35. It- 


a 


"_ 166i Js. "LIL 
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35. If two Lines are parallel to a third Line, they 
are ſo to one another. 

Let the Line b be parallel to ed; and ler ef al- 
fo be parallel to the ſame Line cd; I ſay, ab is pa- 

rallel to ef: For if you draw a Line 
9. — as bd cutting them all Three; the 
1.2 Angle 6 will be equal to d (by 31.) 
— — and tbe ſame d will be equal to f (by 
— 31.) becauſe ef is alſo parallel to e d. 
Wherefore the Angle 6 muſt be equal 

to F: Becanſe by Axiom 2. if two Thing, are equal 
fo a third, they are ſo one to another. Bur if the 


Angle by =, then the Line 4 b is parallel to ef, 
(by 34) 


E LIE 
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BOOK I 


: 07 Triangles. 


Figure is a Space compaſſed round 
Jon all Sides. And it the ſow” 
which terminate it, are all Right 
ones, tis called a Rectilineal (or 
Right Lined) Figure: If they are 

* = crooked, tis called a Curvilineal ; 
and if they are partly Right Lines, and partly. 
Crooked, tis called a Mix'd Figure. | 

2. There are Plane Figures, which are Plane Sur 
faces, and there are Solid ones, which have three 


Diesen Bat we ſpeak kere wy 90 f Plans Sar, 3 8 1 


faces, or Plane Figures. 


14 ELEMENTS 5 
3. All the Lines which encompaſs any Figure, ta- 

ken together, make that which is called the Circum- 

ference, Perimeter, or the Compaſs of the Figure. 
4. Of all Curvilineal or Mix d Plane Figures, in 

Common Geometry, we conſider properly only the 

Circle, or a Part of a Circle terminated on one Side 

by an Ark, and on the other by one or more Right 
ines. 

5. Of Rectilineal Figures, the moſt ſimple are 
Triangles, which are terminated by three Righr 
Lines (and no more) making as many Angles. 

If a Right Line, (AB) having one of its Ends or 
Points (as A) in the Vertex or Top of the Angle 
E AD, be moved downwards, with a Motion always 
parallel to ir ſelf, ſo that the Point A ſhall always 


keep in, or touch the Line AE, until it come to be 
| all of it within the 


B Legs of the Angle 
"IP „r EAD; that is. till 


*.. 5 28 ” . 
D c 75 Ir Come ro be In the 


. : Situation E F; that 
N. : Line ſhall in its Mo- 
5 tion continually cut 
. the Line AD, and 
WET. de : at length deſcribe 

| 3 8 the Triangle EAF 
El within the Legs of 
8 D the Angle; as alſo 


another equal to it 
(AFB) on the other Side of the Line AD. The 
Parts of which latter Triangle ſhall continually de- 
creaſe, as thoſe of the former AE F, do continually 
increaſe. And the Line AB ſhall alſo deſcribe with 
its whole Length the Quadrilateral Figure AE FB; 
which will be divided into two equal Parts by the 
Diagonal Line A F. | 


N. B. 
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one Right Angle, is a Rzght-an- | 

lcd Triangle; if it have one An- 55 
le Obtuſe, tis called an Obruſe- 

angled one, as b; and if all its 


three Angles are Acute, 'tis call- 
ed an Acute-angled Triangle, 5 


6. A Triangle as a, which hath 


S c. 


8. When two Sides of a Triangle are conſider'd. 
they may be called its Legs, and the third Side 


may then be called the Baſe. But any one Side 
may be called the Baſe, tho' we uſually and moſt pro- 
perly call that fo, which lies parallel to the Horizon, 


and which is next to us, 
9. In every Triangle, the three Angles, taken to- 
gether are equal ro rwo Right ones. 


Let the Triangle be a b c: I ſay, that the Angle a 
added to the Angle c, added to the Angle b (or the 
Sum of all three) are equal to two Right ones. For 


let de be drawn parallel to the Baſe 4 c, then will 
thoſe two parallel Lines be cut by the Line be; and 


conſequently the alternate Angles e and d will 
be equal to each other (by 1. 31.) Moreover the 
Line 6 2 falling on, or cutting the ſame Parallels 


de and ac, will make the two internal Angles = | 
| | the 


15 

N. B. The Line AB may be called the Deſeri- 

= bent, and AE the Dirigent, becauſe the latter 
* © directs the Motion of the former. 


7, If a Triangle have all its 

three Sides unequal, *'ris called a LI. | 
Scalene, as d. If it bath two Sides © - 
equal, 'tis called an T/oſceles, as e; 
[And if all the three Sides are e- 

qual, *cis called an Equilateral N | 


tone, asf. | 
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the ſame Side equal to two Right ones; that is, 4 


added to 4 be are equal to two Right Angles (by 1. 
32.) Bur the Angle a be contains 

the two Angles & and d. So that 

.. . E. the Angle a added to b added to d, 
will be equal to two Right ones. 


But c being equal to d, it will fol- 


proved. 


. 
7 
e 
7 | 


= 
N - 
＋ 


low, that a added to h added to c, 
or the Sum of all three together, 
muſt be equal to two Right ones: Which was to be 


10. If any Side of a Triangle be produced, or ; 


drawn out, the external Angle 


will be equal to the two in- 


'- 3 
rernal oppoſite Angles, (taken 
together.) Let the Triangle be 
d eb | a bc, whole Baſe c & draw our 


= hs | to d, by which means a new 
Angle as e will be made, 


which is called the External Angle of that Triangle, 


Then I ſay, That that external Angle e, is equal to 
both the internal and oppoſite ones @ and c. 
For thoſe Angles a and c, together with 6, are e- 


qual ro two Right ones (by the Precedent,) and fo 
alſo are e and b, by (1. 20.) wherefore e muſt be e- 


qual to à added to c, becauſe rogerher with 6, ic 
makes two Right Angles, as they do. Q. E. D. 


COROLLARIES. 
1. The Sum of the three Angles of all Triangles 


15 the ſame. 


2. No Triangle can have above one Right, or 
Obruſe Angle. e | 


3. If 
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4 3. If in any Triangle, one Angle be Right, the 

i 8 5 other two muſt be Acute. 

oy x 4. If in any Triangle there be one Angle equal ro 

23. both the others, that muſt be a Right One. 

7 Ji. If you know the Degrees of one Angle in any 
„Triangle, you know the Sum of the other two; for 


4 tis what is wanting of 180, and if the Sum of anytwo 
be known, the Quantity of the Remainder is known, 


or F 6. Hence if two Triangles have any two Angles 
reſpectively cqual ro one another, the remaining 


17 Angles muſt allo be equal. 

F 7. The Angle of an Equilateral Triangle is +0 

5 two Right Angles, or + of one Right Angle, equal 

to 60“. 

4 

7 8 Hence 'ris very eaſy to Triſect a Right Angle, 
by making on one of the Legs an Equilateral Tri- 
angle. | | 

2 . 

5 II. If a Triangle A B C hath two Sides, A B and 

„ AC, equal to two other ab and 4c in another Tri- 


iet angle, and if alſo the Angle A be e- 


dual co a; L ay, the third Side B C > 
Z ſhallbeequalrobc; the AngleBe- | FLY 
qual to b, the Angle Croc, andthe g 


= whole Triangle ABC to abc. | | 
ö. For if we imagine the Triangle AY | 
abo to be placed upon ABC, ſo that þ — 
tbe Side 4 % ſhall lie exactly on its 8 
Equal A B: Then muſt the Side à c fall on its Equal 
AC, becauſe the Angle à is <qual to A, and ſo the 
Point c will fall on C, and b upon B, and the whole 


Tri- 
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Triangle a ) c on the Triangle A B C; becauſe all | 
things ſo exactly anſwer, that nothing of the upper 
Triangle can fall beſides the under one. 

12. Figures Which do thus meet, fit, or anſwer 
to each other exactly, when they are placed one 
upon the other, are called Congruous Figures, Quia 
mutuo fibi Congruunt. 

And therefore the third Axiom is, Due ſibi mutuo 
Congruunt ſunt Aqualia; i.e. Thoſe Figures, which 
placed one upon another, do anſwer to, and cover 
one another exactly, are equal. 

13. It is alſo true, Thar if a Triangle hath all 
irs three Sides equal to the three Sides of another 
Triangle, all che Angles alſo in one, ſhall be equal 

ro thoſe intheother : And all the Space 
which one Triangle contains, ſhall be 
- yp equal to that contained in the other: 
if A Bde equal to b, AC roa e, 
and BCtobc: I ſay, that the Angle 
2 SA ſhall be equal to 4. B to , and Cr 
c ; and the whole Triangle A B C, to 

abc, this needs no other Proof. | 

14. If the Angle A be equal to a, the Angle Bro 
, and the Side A B to a b : Then ſhall the Side AC 
be always equal toac, B C toe; and the whole 
Triangle AB Crto abc: which is eaſy to prove by 
the precedent Propoſitions. 

15. In every 1/s/celes Triangle, the Angles at the 
Baſe, oppoſite to the equal Legs, are equal. 

| Let the Triangle be à bc, whoſe Legs 

0 a b and ac are equal: I ſay, the Angle 

b is allo equal to c. For imagine the 

6 Baſe bc divided into two equal Parts 
1 © in the Point d, then will the Line a d 
(which let be drawn) make of the whole 

two Triangles, a b d and daa c, which will have all 
three Sides in one, equal to thoſe in the other: For 
ab 


td 
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a b is equal to a c by the Suppoſition, and h dis e- 
qual to 4c, and a d is common to both. Where- 
fore (by 2. 13.) the whole Triangle “ a d is equal 
to d a c, and the Angle “ is equal to c which was 
to be proved. | 

16. In an Iſaſceles Triangle, if a Line drawn from 
the Angle at the Top do (Cet or) divide the Baſe 
into two equal Parts, it is both perpendicular to the 
Baſe, and alſo biſſects the Angle at the Top. For 
(vid, Fig. precedent) the Angle a dc is equal to the 
Angle ad b (by the laſt) and conſequently they muſt 
be both Right ones; and therefore the Line à d is 
perpendicular to the Baſe he (t. 15.) and the Angle 
d a c will be equal to d a þ(by the Jaſt Prop.) 

17. In every Triangle the Greater Side is always 
oppoſite to, or ſubtends the Greater Angle. 

In the Triangle a 6 c, let the Side he be longer 
than ba; then I tay, the Angle h ac ſubtended by the 
Greater Side b c, is bigger than the Angle c, which 
is ſubtended by the Leſſer Side. For let bd be taken 
equal to b a, then will a bd be an 
T/oſ.eles Triangle; whoſe Angle 
ba d will be equaltobda(2.15.) 
But the Angle cab. is bigger 3 
than bad; (The Whole being ha 
greater than the Part) and therefore 4 & 
maſt be bigger than b d a (which is equal bad.) 
Now the Angle a db is an External Angle in re- 
ſpect of the little Triangle ad c ; and therefore 
muſt be bigger than the Internal one e (by 2. 10.) 
Wherefore the Angle b a c being bigger than d, muſt 
certainly be bigger than e; which was to be proved, 
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18. Of all Lines that can be drawn from a Point 


given to a Line given, the ſhorreſt is the Perpendi- wy 
cular; and they are all longer, according as they | 


are farther diſtant from it. Let 


| 5 the given Line be ad, and the 
| Point given; ler b a be perpen- 
2 — dicular to da; let alſo b c and 

9 @ Vd be drawn. I lay, that ba is 
the ſhorteſt Line that can poſſibly be drawn from 6; 
and (for inftance) 1s ſhorter than b c (or any other 
that can be aſſigned: ) And I ſay allo, that b d is 
longer than bc. 

For in the Triangle bac, the Angle a is a Right 
One, and conſequently bigger than either of the 
other; becaule they muſt neceſſarily be both Acute 
(by Cor. 2. of Are. 10.) Therefore the Side b c is lon- 
ger than b a (2. 17.) as ſubtending a greater Angle. 

So allo in the Triangle dbc, the Angle dc b is 
Obcule, becauſe the Angle b c 4 is Acute: And con- 
ſequently the Side 4 muſt be longer than c b, as 
ſubtending a greater Angle (2. 17.) N 


19. In every Triangle any two Sides taken toge- 


ther are longer than the third; becauſe a Right 


Line is the neareſtDiſtance between any two Points. 


PR O- 
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PROBLEM K 


On a Line given a d, to make an Angle B, 
equal to a given one Z. 


Place the Compaſſes in c, the Vertex of the given 
Angle, and deſcribe the Atk Rr ; then keeping them 
at the ſame diſtance, 
ſer one Foot in a, one 
end of the given 
Line, and with the 
other deſcribe the 


from d to 53 and 
draw ab, ſo ſhall 
the Angle bad or 
B be equal to Z. 

For the Legs of 
each are Radii of e- 
qual Circles, and the | 
Line d was taken equal to Ry; wherefore the 
whole Triangles Rr and a bd muſt be equal (by 
13.) and conſequently the Angle a cqual to e. 


\ FROBLEM &” 


Hence the Practice of making all ſorts of Triangles; 
Equilateral, Tfoſcelar ; or without any given 
Angles or Sides, will eaſily appear. 


C3 PRO. 


— — eo. 
- —— — 
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PROBLEM III. 


4 Rizht Line, as P, being given, to draw 
thro a, a Point given, the Line JL a, Pa- 
rallel to it. 


Through 4 draw any Line, as XX, making any 
Angle, as b, with the 
W given Lins; then make 
the Angie ZX to b, 
. and Z a\lall be the Pa- 
— ͤ :ſM r7ralle] ſought. 


. 
, For the Alternate An- 
5 . ; gles a and barcequal by 


4 Conſtruction ; Where- 
| _ fore Za is Parallel to 
X | P 5, (by 1. 31.) Q. E. D. 


PROBLEM III. 


To Biſſect or Divide a given Line c b into 
two equal Parts in the Point a. 


Open the Compaſſes to more than * the Length 
of ba c, and with that diſtance make 


- at each end of 6 a c, two Pairs of 
A interſecting Arks, as at e and d. 
I ᷑ ben drawing the Line e d, it will 
Ab lag” biſſect the given Line in 4. 
Tf Por the Triangles bedanddec 
2 are equal (by 2. 13.) Wherefore the 
—— Angle a bd Dad c. Therefore the 


-. Triangles 46 d and a de will be e- 
qual alſo (by 2. 11.) and conſequently 4 b is = ro 
2 c. Q. E. D. | P R O- 


7 5 
* "bas 
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Wir 5 
Cab 8 
5 3 

7 


Book II. of GEOMETRy. 


L PROBLEM V. 

B much the ſame Method may a Perpendicular, as a <> 
be raiſed in the middle of any given Line, or one 
may be let fall from the Point eord, to the given 
Line a bc, and the Demonſtration is the ſame in 

* all. 

2 

5 And after the ſame way of Practice may the 

; given Angle bd c be Biſſected. 

; If ſerting one Foot of the Compaſſes in d, you 


take 4b equal to 4e. And then ſeiting rhe Com- 
| paſſes in h and c, ſtrike the Arks interſecting each 
| other in e; So ſhall de biſſe the Angle requir'd. 
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B Q OR III. 


Of Quadrilateral Figures and Poly- 


LONs. 


2+ HOSE Figures, whoſe Sides are 
Ve four Right Lines, and thoſe ma- 


drilateral, or tour-fided Figures. 
2. When the oppoſite Sides are pa- 
rallel, the Quadrilateral Figure is 
called a Parallelogram, as a ; but if nor, 
E tis called a Trapezium, as B. 
3. When the Parallelogram hath all its four Angles 
Right, eee a 3 Parallelo- 
| ram; or for brevity's lake a Rectangle, 
— - c: And if the Angles are —_ — 
the Sides are all equal, tis called a Square, as d. 


4. If 


king four Angles, are called Qua- 


— 4 


rigent A D, in a Poſition 


ſcribe equal Surfaces. 
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4. If a Parallelogram hath all its Sides equal, bur 


its Angles unequal, then tis called a 


7 Rhombus, as e. 
= 5. If a Paralelogram hath neither 


irs Angles nor Sides all equal, 'tis cal. 
led a Romboides, as 4. 
The Generation of all Paralelogramick Figures 


will be eaſily conceived, 


| if you ſuppoſe the Deſcri- M 1 


bent A C, to be carried 
or moved along the Di- 


always parallel to itſelf 
in its firſt Situation. 


For then, if the Angle A D E F 


which the Deſcribent 
makes with the Dirigent, be a right one, and A B 
be equal ro A D: The Figure produced will be a 
Square, If A C be longer or ſhorter than A D, 
the Figure will be an Oblong or a Rectangle. 
If the Angle at A be oblique, only a Parallelo- 
gram at large will be deſcribed : Which when the 
Deſcribent is equal to the Dirigent, the Figure will 
be a Rhombus; if unequal to it, a Rhomboiges. | 


CORALLARIES. 


I. Hence tis natural to ſuppoſe, that equal Lines 
moving thro' the ſame or equal Spaces, will de- 


IT. Equal Lines, with uniform or equable Motions 
(i. e. being neither accelerated nor retarded) in e- 
qual Times, will deſcribe equal Surfaces : And if 
they do thus deicribe equal Surfaces, it muſt be in 
equal Times. a 

| III. Hence 
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III. Hence alſo, if the Line a in a given Time de- 
ſcribe the Parallelogram A, and the equal Line b in 
the ſame Time deſcribe 
the Oblique Parallelo- 
gram B or C, whole 


. E 
1 N Perpendicular Alti: ude 
A ed = \ is the ſame with that 


of A: Thoſe Parallelo- 
grams will be all three 


5 equal one to another. 
Becauſe the Oblique Motion, which the Line 6 hath, 
whereby 'cis carried, either to the right or left Hand, 
is by no means contrary to the direct Motion down- 
ward ; and conſequently, the Line 6 will move the 
ſame perpendicular Diftance in the ſame time, with 
an equable Motion, whether the latter Motion be 
impreſſed upon it or not. Wherefore, 


IV. All parallelogramick Figures, with equal Baſes 
and equal Perpendicular Altitudes, muſt be equal. 


6. In every Parallelogram, the oppoſite Angles are 
| equal. Let the Parallelogram be oc: 

4} I lay, the Angle o, is equal to c; for 
, the Angle o is equal to the Alternate 
one b (1. 31.) and the External one 6 
is equal to the Internal one (1. 31.) 
whereſore o is equal toc. 

. 7. ALine, as d b,drawn acroſs the 

- e Figure from Angle to Angle, is cal- 

d 


1 „„ ͤled the Diagonal, and by ſome, the 


Diameter. | 
8. Every Parallelogram is divided into two equal 
Parts by the Diagonal. The Diagonal 5d divides the 
Parallelogram oc, into the two equal Triangles o b 4 
and be d. For, 1. The Angle o is equal to c 5 6.) | 
| 2, The 
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2. The Angle o bd is equal to cd b (1. 31.) and 
the Side 6d is common to both theſe Triangles; 
wherefore the Triangle o 4 is equal to c d b (by 
2.14.) 
9. In every Parallelogram, the oppoſite Sides are 
always equal. | 

For (drawing the Diagonal d b) the whole Trian- 
gle do b will be equal ro the Triangle bc d, by the 
foregoing Prop. And conſequently, rheSide c d muſt 
be equal to o, and the Side o d to e b. 

10. Two Diagonals, ac and 6b d, do biſſect each 
other in the middle at e. 

For in the two Triangles a ed and bec,the Side ad 
is equal to be (3. 9.) The Angle e a d is equal to ecb 
(1. 31.) and moreover the (Vertical) 4 
Angles a ed and ceb are equal alſo b 
(J. 23.) Aherefore the whole Triangle 
a ed is reſpectively equal to the Trian- 2 — 
glebec (2. 14.) And conſequently, 
the Side de is equal to e b, and the Side ae to the 
Side ec. The two Diagonals therefore biſſect each 
other in the middle. Q. E. D. | 
11. Every Right Line, as f g, paſſing through the 

middle of a Diagonal, divides the Parallelogram 
into rwo equal Parts. 

To demonſtrate which, the Trapeziumor Irregular 
Quadrilateral Figure f 2 d a muſt be proved equal to 
the Trapeziumfgcb. And that is thus done. 1. The 
Triangle hey is equal to the Triangle deg : For the 
Side de is equal toe b by the Suppoſi- Nt 
tion; and the Angle ef is equal tio , F 5 
eg d (1. 31) and the oppoſire Angles [X/ 
at e are equal; wherefore the Triangle 4 - c 
ef b is equal to e dg (2. 14.) 2. The S 
great Triangle 40d is equal to de (3. 8.) wherefore 
if from the Triangle a b d you rake away the little 
Triangle feb, and inſtead of irpur the Triangle edg 

: (which 
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ing between the ſame Parallels, are equal. 


(which is equal to f e b) you will have the Trapezium 


Fa dg, which will be equal ro the Triangle 20: 
That is, to juſt one half of the whole Parallelogram 
(3. 8.) which was to be proved. 
12. If in the Diagonal db you take a Point as e, 
and thro' it draw two Lines h i and F g parallel to 
the two Sides of the Parallelo- 
; gram, it will be divided by them 
into four leſſer Parallelograms, i. e. 
Fi, bg (which two are called the 
Parallelograms about the Diameter ) 
and ae, ec; which other two are 
called the Complements. And thoſe two Comple- 
ments with either of the Parallelograms about the 
Diameter, make a Figure thar is called a Gnomon. 
As you ſee in the Figure, where the Gnomon is di- 
tinguiſh'd by being ſhaded. | 
13. In every Parallelogram the Complements are 
equal, We muſt prove that e à is equal to e c. 


DEMONSTRATION. 


The whole Triangle 4 b d is equal to the whole 


bd c(3.8.) And the little Triangle ef 6 is (for the 


ſame Reaſon) equal to e bi, And 
F + the Triangle be d is alſo (by the 
KAT ſame) equal to e dg. Wherefore 
if, from che two equal Triangles 
c 40 dand de, we take away equal 
\ s things, viz. if from one we take a- 
way e F band d h e, and from the other eh i and e g 4, 
there will remain on one Side the Paralellogram e a, 
equal to the Parallelogram e c, which remains on 
the other; which was to be proved. EE 
14. Parallelograms having the ſame Baſe, and be- 


Ler 
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logram will alſo be equal to e %, be. Eu IL 
cauſe it hath the ſame Baſe efwith 45 & 


29 
Let there be a Parallelogram 6 e, and another af, 
both on the ſame Baſe ab; and let the | 
Line c d, when produced, be ſuppoſed c 
to pals by e /; ſo that the two Paralle- ||W/ 
lograms ſha!l be between the ſame Pa- all 
rallels, and terminated by them; that b 
is, between the two Parallels c f and 46. I ſay then, 
that the Paralellogram c is equal to a 7. 
For c 4 is equal to h d, and ae equal to bf, be- 
cauſe oppoſite Sides of Parallelograms, and the An- 
gles at e and d equal (by 29. 1.) wherefore the Tri- 
angle c ae is equal to the Triangle d f. Now if 
from each of theſe equal Triangles be taken the lit- 
tle Triangle do e, and to the Remainders be added 


the Triangle 40 b, the Parallelogram 2 d will be e- 


qual to the Parallelogram a f. Q E. D. 
15. Parallelograms on equal Baſes a b and g h, and 


between the ſame Parallels ah and e J, are equal. 


For if we imagine the third Parallelogram f a to 
be drawn ; that ſhall be equal to the Parallelogram 
ad, becauſe on the ſame Baſe a b with 
it, and between the ſame Parallel 
Lines 4 h and c f. And that Paralle- 


1 


ic (it matters not whether you reckon 


the Baſe above or below) and ir is berween the ſame 


Parallels. Therefore / e and b e, being both equal 
to the third Parallelogram f a, muſt be equal to 


each other. 


16. Triangles on the ſame Baſe a b, and being be- 
tween the ſame Parallels cf and à b, 


21 8 

are always equal. | - 1 
The Triangle 4 be is equal to à e b: 2 

Becauſe if you imagin a Line b4drawn dh 


parallel to a c, and another as , drawn 


parallel to « e; there will be made rwoParallelograms 
=. 


es VF 2 
vale 8 2 3 7 
PR 9 r ner 
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a cd b and ae f; which being on the ſame Baſe, 
and between the ſame Parallels, will be equal to one 
another (3. 14.) : 
Bur the Triangle a b c is the half of the Parallelo- 
gram a db. and the Triangle a be is the half of 
the Parallelogram a ef (3. 8.); wherefore, (Vince 
the Holes are equal, the Halves muſt) and conſequent- 
ly the Triangle a ch is equal to the Triangle a eb. 
17. Triangles on equal Baſes, and between the 
ſame Parallels, are alſo equal; as is very eaſy to 
prove from (3.15.) 
18. If a Triangle a e have the ſame Baſe with a 
Parallelogram, and be 


4— C C allo between the ſame 


Parallels, it ſhall be juſt 

the half of that Paralle- 

= logram, For it will till 

EE... . be equal to a bc, which 

FL is juſt half (3. 8.) of 
C 5 ab cd. 


The Menſuration of 
all Squares, Rectangles, Parallelograms and Trian- 
gles will be underſtood from what hach been deli- 

| ver'd above. It you 8 | 
1. That the Deſcribent A B 
AR B 2 C ora C, before its motion, be 


—— - „divided into any determinate 
4 „ Number of equal Parts; and 
+ the Dirigent (now ſuppoſed to 

B E ſtand at Right Angles with it) 
55 into the ſame oranyothet Num- 


ber of ſuch Parts; for then the 
Motion of the Deſcribent Line, thus mark d out by 
Points into Units will deſcribe a Square (if the Di- 
rigent be equalco it) and a Rectangle if it be une- 
qual. Which Square or Rectangle will be divided 


imo as many little Squates as there are Units in 
| the 


2 » * 88 „ 
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the Product of the Number of the Diviſions, or equal 
parts in one Line, multiply'd by thoſe in the other; 
That is A B 4 multiply'd by A D 4, produces 16, 
the Square of 4. And AC 6 multiply'd by A D 4, 
produces 24: the Rectangle under A C and A D. 
So that whar is a Preduct in Numbers or in Arith- 
metick ; in Lines, or in Geometry, is called a Rect- 
angle. And therefore you will find the Latin Wri- 
rers of Geomeiry, when A C is to be multiply'd by 
AD, not ſaying Multiplica, but Duc A C in AD. 
Thar is, carry the Line A C along the Dirigent AD, 
in a Normal Poſition to it, till it come to end, and 
then it will form the Rectangle A F = 24; where- 
fore the Area of a Square is found, by multiplying 
the Side A B into itſelf. | 

The Area of any Rectangle, as A F, is found b 
mulciplying the Side A | 


by A D 3 


And ſince a Rectangle — : 
on the lame Baſle and of p : 
the ſame Alritude with a AE, : 


Parallelogram is equal to | 2 
it; to find the Area of 
any Parallelogram, as A B, you muſt multiply the 
Side A C by a Perpendicular, as P, let fall from the 
other Side to it. 8 
And ſince every right-lin'd Triangle is the half 
of a Parallelogram or hh 
Rectangle of the ſame 
Baſe and Altitude: To 
find the Area of the Tri- 
angle ABC, you muſt 
multiply any Side, as BC, 
by aPerpendicular, as P, 
let fall to it from an oppo- | : 
fire Angle, and take half the Product: or if either P 
or B happen to be even Numbers, multiply one py 
= 0 
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Z of the other, the Product is the Area of the Tri- 
angle. 

19. A Pentagon is a Figure having five Sides and 
4 Af Sig wa ſequent, 

t all che Sides are equal, and conſequently the 
Angles, tis called a Regular Pentagon. 

20. An Hexagon is a Figure of ſix Sides and An- 
gles, an Heptagon of ſeven, an Octagon of eight, Ge. 
which are all called Regular when they have equal 

Sides and Angles. | 5 

21. A Pohgon in general ſignifies any Figure of 
many Sides and Angles; but no Figure is called by 
this Name, unleſs it have more than four or five Sides. 

| 22. Every Polygon may be divided 

. into as many Triangles as it hathSides, 

if any where within the Polygon you 

-& d take a Point, as a, and from thence 

| E draw Lines to every Angle 4b, a c, 

ED a d, &c. they ſhall make as many Tri- 
angles as the Figure hath Sides. 

23. The Angles of any Polygon taken all together, 
will make twice as many Right ones, except four, as 
the Figure hath Sides, v. gr. If the Polygon have fix 
Sides, rhe double of that is 12; from whence take 
four, there remains eight. I ſay, that all the Angles 
of that Polygon, viz b, e, q, e, f, g, taken together, are 
equal to eight Right Angles. For the Lines à b, a c, 
a d, Gc. do divide the Figure into fix Triangles; the 
three Angles of each of which are equal to two Right 
ones (2.9.); ſo that all their Angles together make 12 

Right ones. But now, each of theſe fix Triangles 
hath one Angle in the Point a, and by it they complear 
the ſpace all round the ſaid Point. And all the Angles 
about that Point, are equal to four Right ones (1.22. 
Wherefore thoſe four being taken from 12, (The Sum 
of the Right Angles of all the fix Triangles) leaves 
eight, the Sum of the Right Angles of the Hexagon, 
1 c ; | which 


- 
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which make 8 times 90, or 720 Degrees; and 

therefore each Angle muſt be & of that, wx. 120 

Degrees. 
So that the Figure bath plainly twice as many 

Right Angles as it hath 9 four; W 


was to be proved. 


COROLLARKE. 7 


All the external Angles of any Rightelined Figure, 
are equal to juſt four 
Right Ones : For draw- 
ing out the Sides, as in 
the Figure, tis plain 
the internal and exter- 
nal Angles together will 
make twice as many 
Right Ones as the Fi- 
gure hath Sides; but 
the internal Angles are A 
equal to all thoſe, ex- | * 
cept four (by this Prop.) „ | 
Wherefore the 3 Angles muſt make up theſe = 
four, and no more. | 

24. A Polygon may be divided alſo into Triangles 
by drawing Lines from Angle to An- 


gle. But then the Number of the = 
Sides will exceed that of the Trian- 
gles. And hence the Area of any | Fd 


Right-lined Figure may be found, by | 

reducing it into Triangles, and then finding the A- 

8 of each 5, le verally, adding all into one 
um. 
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PROBLEM I. 


On 4 given Line a b, to make a Parallelo- 
gram, having an Angle equal to a given 
Angle A. 


Make the Angle cab=A. Then take a b in your 
Compaſſes, and ſetting one Foot in e, ſtrike an Ark 


= asd: Next take the Diſtance ac, and placing one 

Wo Foot in 6, croſs the Ark in d: draw cd and db, 
| Au ir is done. | f 

And thus alſo may the Line cd be drawn parallel 

to a b, thro a Point aſſigned, and any Parallelogram 


readily be deſcribed. 


— 
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P RO B. II. 


A Triangle a bd being given, fo make 9 Pæ- 
rallelogram equal to it, which ſhall fs 


a given Angle equal to 7 


Biſſect the Baſe of the Friangle 3 in e: Make ki | 4 
Angle cde =A, thro' the Vertex 4 draw ae para. 


lel ro the Bale b d. Make ae = cd, and draw a e. 

So will ce be the Parallelogram required. 1 
For being on but half the Baſe, and of the ſame 

Height with the Triangle, it will be equal to ir, 

by the 18th of this Book, and its 11 c de is e- 

* to A. Q. E. F. N 


P ROB. UL 


On a Line given, as Is to make a Parallels 
gram equal to a given Triangle cbe, 
and having an Angle equal to an Angle . 
given, as A. 


Make the Parallelogrem doequal to the Triangle, 
and having ics 3 e A., by Problem the iatt. 
D 2 | Then 


ELEMENTS, Sc. 
Then produce po, till om become equal ro L, and 
draw out de, till en be alſo equal to L. Then draw 
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the Diagonal 2 o, producing it till it meet with d p, 
alſo produced to f. Then draw fk dx, and nk = 
df, and that will compleat the Parallelogram fn ; 
in which the Complement g mz will be equal to p e, 
(3. 13.) which is equal to the Triangle ce. Q. E. F. 

And thus tis eaſie to make a Parallelogram equal 
to any Right-lined Figure given, by reducing that 
Figure into Triangles, Sc. 
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OF 
GEOMETRY. 


BOOK IV. 


Of a Circle. 


L. ine is ſaid to Touch (or to be a Tan- 
FAY ASS gent to) a Circle, when, 
JN \S rhough produced both 
= Wal Ways from the Point 
5 & I} of Contact, it will 
only touch it, and not 
eut or enter within it. Thus the Line 
a touches the Circle C, as that Circle 
C doth the Circle D; but 4d enters 
within the Circle, and cuts it, and is called a 
Secant. | 
2. If a Right Line enter within a Circle and cut 
it into two Parts, thoſe Parrs are called Segments: b 
is a leſs Segment, and D a greater: That Part of the 
D 3 Line 


= ELEMENTS 
Line cutting the Circle (and which « within it) is 
Called a Chord as ef. And the Parts of the Circle (or 
rather Circumference) cut off, are call'd Ari: The 
Chord with the Ark makes rwo mix'd Angles, as e 
and F. and they are call'd Angles of a Segment. 
3. If you take a Point, as c, in the Ark of any Seg- 
ment, and from thence draw two Lines 
1 £4 and c b (tothe Ends of the Chord) they 
a ſhall make an Angle ac; which is call'd 
an Angle in a Segment: And that Angle 
| a cb is ſaid to inſiſt or ſtand on ab d, the 
Ark of the other Segment below. 
| 4. A Sector of a Circle is a mix'd 
| Triangle comprehended between two 
- Radii, ab, ac, and the Ark of the 
Circle b c; 'tis mark'd in the Figure 
b & by being ſhaded. 
| 5. If atthe End of any Radius, or Se- 
midiameter, 4 b, you draw a Perpendicular, as b, 
it hall touch the Circle but in one Point. And all the 
Points of the Line b d ſhall be without 
db dl. the Circle, v. g. I ſay, the Point 4 (or 
A any other aſſignable) is without: For if 
& of you draw the Line a d from the Center, 
and that ſhall cut the Circle in the Point 
c, that Line a d will be longer than a b; 
(Z. 17.) and conſequently longer than a c, which is 
equal to 46 (I. 14.) Wherefore the Point d is with- 
out the Circle. Q. E. D. | 
6. A Chord, as bc, is divided into two equal Parts 
(or biſſected) by a Perpendicular d a, 
drawn from the Center a. For the Tri- 
angle abc is an Iſeſceles, becauſe ba is 
equal to ca (1. 14.) and therefore the 
Perpendicular a d biſſects the Baſe bc 
(2. 16.) The Ark bc is alſo by this 
means biſſeted, £3 
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7. Two Tangents, c b and cd, drawn from the 
ſame Point withour a Circle, are equal one to ano- 
ther. For, draw from the Center to the Points of 


OCostadt, doand ed; Then wil 


Lines be Perpendiculars to the Tangents . 
(by 4. 5.) Then if you draw allo the 4 AA 2 
Line b d, the Angle a b d will be equal ro 7 

adb (2.15.) Wherefore if from the EY 
Right, and (conſequently) equal Angles 

cha and c da, you take away the equal One ab d 
and 4 db, the remaining Angles c bd and e db will 
be equal: Wherefore their oppoſite Sides muſt alſo 
be equal by the Converſe of (2. 15.) Thar is, c b is 
ca to d. Q. E. D. 

8. Equal Chords, as b c and fh, do cut off equal 
Segments bdc and fg h. And the Perpendiculars ae 
and 4 i, drawn to them from the Center, are alſo e- 
qual, as is eaſily proved; (ſaith Pardie, but he gives 
us no Demonſtration. ) et tis p'ainly thus proved; The 
Chords and Arks are both biſſected by the Perpendicu- 
lars (4. 6.) And therefore the Sectors cad, 
dab, fa g and g a b, muſ# be all equal; 
as alſo will all the Triangles x, 2, o and k, 
by (2. 11.) Therefore their Doubles will 
alſo be equal, i. e. The Sector ba c will be 
equal to fa h: And the Triangle ba c to 
the Triangle f a h. And if theſe laſt Tri- 
angles are taken from the equal Sectors h a f and ba c, 
the Segments be d and hg f muſt remain equal. That 
the Per pendieulars are equal, is plain from the Equa- 
lities of the Triangles Z and o, or X and K. 

9. Let there be a Semidiameter Re, and a Per- 
pendicular (#9 it without the Circle) RT, 
anOther Line cutting the Circle in 8, 5 
and a Perpendicular { let fall frem thence) ( 
to the Radius RC inn (4 Point within 
the Circle.) All theſe —_— have Arrifi- 

4 


cial 
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cial Names. The Line TR is called the Tangent of the 
Ark RS (which ſuppoſe 30.) TC is called the Secant 


of the ſame Ark of 30% and the Line Su is called 
the (Right) Sine of the ſame Ark. RC is by ſome 


called rhe whole Sine, bur moſt uſually the Radius. 
Aqd/ n R is called the Verſed Sine of the ſame Ark. 

2 10. If in the Circumference of a 

d Circle, you take two Points, as a and 

b, and from thence. draw two Lines to 

the Centre c, and two others ro any 

Point, as d in the Circumference ; they 

will wake rwo Angles, of which 4 c b 
is called an Angle at the Center, and 

a d b an Angle at the Circumference. | 
11. The Angle at the Center a ch is always dou- 

ble ro one at the Circumference a 4 


d— (infi ing with it on the ſame Ark a b.) 


n S 


E 


Of which there are three Caſes. 


a—b I. If one of the Lines, as 4b, paſs 
thro' the Center c, then tis plain rhe 
external Angleacb (2. 10.) will be equal ro both 
the inrernal and oppofi:eOnes 4 and d taken together. 
But the two Angles d and à are equal, becauſe 

a cd is an Iſoſceles Triangle, whoſe Side ac is equal 
ro cd (2. 15.) Therefore the Angle c ar the Center 


| being equal to both. is double of either alone: Thar 


is, double ro d. Q. E. D. 
f neither of rhe Lines db, de (which form 


the Angle at the Circumference) paſs 
thro' the Center c: ( But fall both on ha 
ſame Side of the Diameter) Let the Dia- 
meter 4c s be drawn, Then will the 
whole Angle ace (at the Center) be 
double to the ade (at the Cir- 

cumference FO 
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cumference) by what was proved in the firſt Caſe. 1 
Alſo the Angle bee is double ro h de, by the ſame. 

Wherefore if from the Angle ace, we take away 

that b ce, and from the Angle a de, which is the half 

of ace, we take away bde, which alſo is the half 
of b ce, the remaining Angle a d 6 muſt be juſt the 

half of acb. For tis as plain as an Axiom, that if 

one Quantity be double ro another, and you take 

away from the Bigger, juſt the Double of what you 
take from the other, the Remainder of rhe Bigger 
muſt be double to the Remainder of the Leſſer. 


III. If the Diameter fall between the Lines form- 
ing the Angle at the Circumference: 
Then will, as before, rhe Angle ace 
be double to 4 e (by Caſe 1. of this) 
and the Angle ec d will be double to 
e bd by the lame; therefore rhe whole 
Angle acd muſt be double to 4 b d. 
(So that in all Caſes the Angle at the ; 
Center is double to one at the Circumference, if they _ 
both ſtand on the ſame Ark, or (which is all one) are 
in the ſame Segment. | | 

12. All Angles (in the ſame Segment or) infiſting on 
the ſame Ark ab, are equal, ler tbem 
terminate in any Part of the Circum- 
ference whatſoe ver. 4 

For the Angle 2 db will be equal to 
4e b, becauſe each is the half of the 
Angle at the Center a cb (4. 11.) 

13. An Angle at the Center 6c e, 
ſtanding on half of the Ark a e b, is e- 

qual to the Angle a d b at the Circum- 
terence, ſtanding on the whole Ark, 
for © is equal to twice x; (by 4. 11.) 

and x is equal to o, that is to half a bd, 
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14. The Angle adb ftandiog on the Semi circum. 
ference ae (or being in the Semi- circle a d b) is a 
Right One. Let ce be drawn biſ- 
d ſecting the Semi. circumſerence ae; 
then is (by the Precedent) the Angle 
þ ace at the Center, ſtanding on half 
a Semi-Circle (or on a Quadrant) e- 
qual to adb at the Circumference, 
which ſtands on twice that Ark, or 
on a Semi-circle. But ace is a Right Angle; 


wherefore a4 (its equal) muſt be ſo too. 


COROLLARY 1. 


Hence is derived the Common Practice of Erect- 


ing a Perpendicular, as a b, at the End of a g ven 
Line, For opening 


4 the Compaſſes ro any 
convenient Diſtance, 
PP. ſer one Point in c, 
|: ard with the other 


LET : draw the Ark dba, 
— 'þ cutting the given Line 


— 7 " 
| = *%. . *.-" wu #1 an « Naler 
ewes laid from d ro c ſhall 


find the Point a, which is perpendicularly over þ : 


For the Angle db a, being in a Semi-circle, is a 


Right One. 


by 


COROL, 
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COROL. I. 


Hence alſo ariſes this expeditious Practice of 
drawing from a Point given, as 4, a Tangent. as ab, to 
a given Circle. For joining the Points à and d, the 


Center of the Circle, biſſect their Diſtance a d in the 
Point c: On c, as a Center, deſcribe the Semi-circle 
a bd : So ſhall a b be a true Tangent, becauſe the 
Angle a b d being in a Semi-circle, is a Right One. 
15. The Angle abd in a Segment leſs (than a Se- 
mi- circle) is Obtuſe : Becauſe the 
Ark ae d being mere than half the 
Circumference, its half, the Ark a e, 
muſt be more than 9o?®; therefore 
the Angle a bd, which is equal to 
ace, (4. 13.) muſt alſo be more than 
90*, that is obtuſe. 


«+4 — 
5 
LS > 
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— 
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16. The Angle 4 bd made in a Segment greater 
? than a Semicircle, is Acute. 

Poor tis equal to the Angle ac e (4 

- 13.) whoſe Meaſure ae being the 

half of ae d, an Ark leſs than a Se- 

micircle, muſt be leſs than go?®. 

And. therefore a b d is leſs than 90˙. 

| (i. e.) Acute. ; 

17. If a Right Line, as g 6, rouch a Circle, as in 
the Point 4; and another Line as ae cut it there. 
The Angle b a e ſhall be equal to h, or any Angle 
made in the oppoſite Segment 4 h e. And the Angle 
e a g ſhall be equal to f, or any An- 

gle made in the other Segment, 


ef 4. | | 
Ze For, drawing the Diameter a d, 
2 which will be perpendicular to 4 6b, 
3—— 5 (A. 9.) (and alſo the Line de:) The 
2 7 Angle aed will be a Right One; 
(4-14) And conſequently, becauſe the three An- 
gles of every Triangle are equal to rwo Right 
Ones, (2. 9.) the Angle e ad, together with d, muſt 
make juſt another Right Angle. | 
But that Angle dae, together with e 4 h, doth 
make alſo a Right One, becauſe the Radius c 4 is 
perpendicular ro the Tangent ab; wherefore take 
= away e a d from both, and then ea b will remain e- 
qual to d and conſequently to h, or to any other An- 
gle in that Segment a h e, or that ſtands on the ſame 
Ark ef a: For all thoſe Angles are equal (by 4. 12) 
The Angle e 4b therefore is equal to b; which is 
the firſt Part of the Propoſicion. Wy 
Me muſt next prove the Angle g ae to be equal 
to; which is the other Part. . 
Isa the Triangle 4 fe, all the three Angles e, Fand 
a, are equal to two Right Ones (2. 9.) And the An- 
gle is equal to F a b, by the firſt Part of this Pro- 
r | | poſition 
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poſition, for fa may be conſider d as cutting the 
Circle in the Point a, where a b touches it, and con- 
ſequently f a b will be equal to any Angle that can 


be made in the oppoſite Segment ah de f; and there- 


fore to e. Now the two Angles eaf, and fab (that 

is e) together with f. are equal to two Right Ones, 

(2. 9.) and ſo are a f, and fa b taken together with 

gae (f. 20.) Wherefore the Angle F is equal to 
ae. Which was to be proved. 

18. Every Quadrilateral Figure, as def a, inſcribe 
ed in a Circle, hath its two oppoſite Angles taken 
together (as d added to f) equal to | 
two Right Ones. 

For if thro' the Point a, there be 
drawn a Tangent, as b, and a Dia- 
gonal, as ea; the Angle at F will 
be equal to gae (4. 17.) and the 
Angle e ab will be equal to 4 (4.17.) | 
And conſequently the two Angles, ga e and e 4 b, 
being equal to two Right Ones (1. 20.) the Angles 
d and F taken together, muſt be ſo too. 
After the ſame Manner might the other two op- 
poſite Angles. d af, and def, be proved equal to 


two Rigbt Ones, by drawing another Tangent 


 thro' the Po nt f. 


19. The Converſe of this Propoſition is alſo ma. 


nifeſt ; viz. That if any Quadrilateral Figure have = if 


ics oppoſite Angles equal to two Right Ones, it 


may then be inſcribed in a Circle; that is, a Cix- 


cle may be made that ſhall touch or pals thro all # : 7 


its four angular Points, 
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20. A Rectilineal Figure is ſaid 
to be circumſcribed about à Circle, 
when all its Sides touch the Circle 
without cutting it. Thus the Tri- 
angle da e is circumſcribed about 
the Circle hg; becauſe every Side 

C of the Triangle touches the Circle 
in Bb, g and 7. | 

21. A Figure is ſaid to be Inſcribed in a Circle 
when all its Angles are in the Circumſerence of that 
Circle, as the Tria'igle a b c, in the following Figure. 

22. Every Triangle, a b c, may be inſcribed in a 
Circle; for if two Lines, as eh and 
ei, are drawn perpendicularly biſ. 

ſecting the Sides h 4 and c 6, they 
will croſs or meet each other in the 
Point e, on which, as on a Center, 
| a Circle may be drawn, which ſhall 
| paſs through b. And I ſay allo, 
that that Circle ſhall paſs through « and. 


For I. The two Triangles ei b and e i a are e. 
qual; becauſe i b is equal to i a by the Suppoſiti- 


= on, the Side e i is common to both, and the Angles 
t are Right. Wherefore the Side eb is allo e- 
= — qualto ex (2. 11.) 

| - 


II. And for the ſame Reaſon the Triangles e hc 
aud e h b may be proved equal, and conſequently, tbe 


_ Side ec alſo will be equal to e b and to e 4. But if 


thoſe three Lines are all- equal, the Point e, where 
they meet, muſt be the Center of a Circle of which 
they are Radii: And therefore the Triangle is cir- 
cumſcribed by a Circle. Q. E. D. ä 


And thus may a Circle be made to paſs through any 


' three Points, if they be not all in a Right Line. 
23. Every 


Book IV. of GxoMETRY.. 


23. Every Triangle may (have a Circle inſcribed 0 
in it, or) be circumſcribed about one. Vid. Fig. in | 


Art. 20, ; 


For drawing the Lines ae and ed, biſſecting the | 


' Angles a and d, and from the Point e, where they 
croſs, letting fall the Ferpendiculars (to the Sides 
of the Triangle) e b, efandeg ; I ſay, that if you 
draw a Circle on the Center e through b, that Cir- 
cle ſhall touch all the Sides of the Triangle in the 
Points 6, F and g. 


For I. The two Triangles ae F and à e b are e- 
qual, as having the Side ae common, the Angles ar 
f and b Right, and thoſe at à equal (by the Suppo- 
fition:) Wherefore e 6 is equal to ef. (2. 14.) © 


II. By the ſame Method e g may be proved equal 
alſo to e f, (that is roeb) ſo that theſe three Lines 
being all equal, a Circle will paſs through their three 


Extremities, of which Circle they will be Radii, and 


being alſo all perpendicular to the Sides of the Tri- 
angle, the ſaid Sides are Tangents to that Circle (4. 
5.) and therefore do circumſeribe it (by 4. 18.) 


24. Every Polygon circumſcribed about a Citcle 
is equal to a Rectangled Triangle, one of whole 
Legs ſhall be the Radius of the Circle, and the k 
ther the Perimeter (or the Sum of all the Sides) of 
the Polygon. 


» 
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Let the Line FA be equal to the Radius fh, and 
to ir, at Right Angles, draw the infinite Line 
ABCD, Sc. our of which rake A+ equal to a h, 
hb B equal to hb, Bi equal to bz, and i C equal to 
ic, &c. So that the whole Line ABCDEA may be 
equal ro the whole Compaſs, or Perimeter of the 
Polygon a bed ea. Alſo draw FF parallel to AA, 
ſo that all the Perpendiculars, F, Fi, FA, &c. 
may be equal to the Radius %, or fi, &c. Tis 
then plain, that the Triangle A F B will be equal to 
the Triangle af b in the Polygon, and the Triangle 
B FC, to bye; and allo CFD, te cf d, &c. So that 
all theſe Triangles taken together, will be equal to 
all theſe in the Polygon, or to the whole Polygon. 
But the Triangle FAA is equal to all the five 
Triangles within the Parallels; becauſe drawing the 
Lines, BF, CF, DF, Sc. the Triangle FAB will 
be equal to FAB, FBC to FBC, Sc. (3.16.); 
wherefore che Triangle F A A is equal to the Poly- 
gon, which was to be proved. 3 
25. Every regular Polygon is equal to a ReQan- 
led Triangle, one of whoſe Legs is the Perimeter 
of the Polygon, and the other a Perpendicular drawn 
from the Center, to one of the Sides of the Polygon, 
The Proof of which is the fame as thar in the pre- 
cedent Propoſition ; For all the Perpendiculars F h, 
Fi, fk, &c. are equal, Sc. See the laſt Figure. 


33 Wherefore the Area of every regular Polygon 16 found, 


my multipiying the Perpendicular let fall from the 
Center of the inſcribed Circle by any one Side ; and 
then multiplying the half of the Product by the 
Number of the Sides. 1 


26. Every 


we 
* 
* 


ä 4 nes a n 
. * 5 * E 2 + — 9 X 

Fay . „ : 

* — ”, "eo A 

* 
8 \ * 

. * * 1 

% jo. 

, * 4 
£3 

* 


— 


Book IV. of GEOME TRY. 
26. Every Polygon circumſcribed about a Circle, 
is bigger than it; and every Polygon inſcribed, is 
leſs than the Circle; as is manifeſt, becauſe the 
thing containing, is always greater than the thing 
contained. | | | 
27. The Perimeter, or (as ſome call it, tho) im- 
properly) the Circumſerence of every Polygon cir- 
cumſcribed about a Circle, is greater than the Cir» 
cumference of that Circle; and the "Perimeter of 
every Polygon inſcribed, is leſs. 
28. If in any little Segment of a Circle, you in. 
ſcribe an Iſoſceles Triangle, as a bc; ſo that 45 be 
equal to bc; I ſay, that Triangle ſhall | 
be greater than half that Segment. 
For if you draw a Tangent e bd, which 
| ſhall be parallel roca; and which 5 
ſhall be, as ca is, perpendicular to the \= 
Radius bf; (4. 5.) (4. 6.) And then d 
compleat the Rectangle ad ec; that 
Rectangle will be greater than the whole Segment 4 
a cb: But the Triangle a bc, is the half of that . 7 
Parallelogram (3. 18.) And therefore muſt be greater 
than half the Segment a b c. 
29. Let there be a Tangent a db, a Secant feb, 
a Chord a c, and another Tangent cd; I ſay, that 
the Triangle d b c is more than half the mixt Trian- 
gle ac b, comprehended between the Lines a b, be 
and the Ark of the Circle ac. For in | 
the Triangle db e, the Angle c, being LL: 
a Right one (4. 5.) the Side db, is 
longer than de (2. 17.) That is, than 4 
da; Which is equal to 4c (4. 7.) 6 
wherefore the Triangle b de (having 
a longer Baſe, but the ſame Height 
with ad c) muſt be greater than it; 
(ai may be collected from (3. 7.) And 
therefore it muſt be greater than the 


balf 
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half of the whole Triangle ach. Bur the Triangle 
acb, is greater than the mixt Triangle, made by the 
Ark ac, and the Right Lines, ab and ac; and 
therefore the Triangle bdc, (which is more than 
half of a cb) muſt be greater than the half of the 
mixt Triangle abc. Q. E. D. 
30. From theſe two laſt Poſitions, it follows, that 
by multiply ing the Sides of Polygons, you may make 
them ſo circumſcribed about, or inſcribed in Circles, 
that the Difference by which the circumſcribed ex- 
ceeds, or the inſcribed wants of the Circle, ſhall be 
as (mall as you will: Becauſe if from any Quantity 
whatever, you take more than the half, and from the 
Remainder more than its half, and again from that 
Remainder more than its half; you may by doing 
this very often, at laſt come to leave a Remainder as 
ſmall as you pleaſe; as is ſelf-evident. Thus (See 
the 28th Figure) after a Triangle is inſcribed ina Cir- 
cle that ſhall be leſs than ir by the three great Seg- 
ments, you may inſcribe an Hexagon that ſhall ex- 
ceed the Triangle by thoſe three Segments, bur ſhall 
be leſs than the Circle, by the fix little Segments 
that are left white in the Figure, 0 
But thoſe ſix white Segments taken together, do 
not contain ſo much Space as the half of the three 
former ſhaded ones, (4. 28.) After this you may al- 
ſo inſcribe a Duodecagon, which will be leſſer than 
the Circle by 12 ſmaller Segments; which 12 Seg- 
ments will ſtill be leſs than the half of the fix Seg. 
ments of the Hexagon: And thus may you, by in- 
creaſing the Number of Sides of the Polygon, le ſſen 
the Difference by which the circumſcribing Circle 
exceeds it, as much as you pleaſe. So likewiſe on 
the other Hand, you might ha ve firſt circumſcribed 
a Triangle, then an Hexagon, and then a Duc deca- 
gon, Sc. (and have made, that way, the Difference . 
* the circumſcribing Polygon and the Circle, as 
ſmall as you would, ) 31. Every 
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31. Every Circle is equal to a Rectangled Triangle, | 
one of whoſe Legs is the Radius, and the other a 
Right Line equal to the Circumference of the Cir- 
cle. For ſuch a Triangle will be greater than any 
Polygon inſcribed, and leſs than any Polygon cir- 
cumſcribed. (by 24, 25, 26, and 27 of this fourth 

Book) And therefore muſt be equal to rhe Circle. 
For ſhould it be greater than the Circle, be the 
Exceſs as little as it will, a Polygon may be cir- 
cumſcribed, whoſe Difference from the Circle ſhall 
be yer leſs than the Difference between that Circle 
and the Rectangled Triangle, and that Polygon 
will be leſs than the Triangle, which is abſurd. And 


| if it be ſaid that this Rectangled Triangle is leſs 


than the Circle, an inſcribed Polygon may be made, 
which ſhall be greater than that Triangle, which is 
impoſſible. 5 
Ihis kind of Demonſtration, which we here uſe, 
* and which is called Reductio ad Abſurdum, five ad 
* Impoſſivile, is one of the fineſt Inventions of the 
* Ancients: And on it is founded all the Geometry of 
* Indiviſibles ; ſo that I cannot but much wonder 
* ſome of our Modern Authors ſhould reject ir as 
* indirect and deficient, Bur if we muſt arrive to 
* ſuch a Point of Niceneſs, that we can't bear any 
* Demonſtration, unlets ir be Direct and Pofirive 
* "tis eaſy enough to give this before us ſuch a Turn, 
* aS ſhall render it Regular and Direct. 

For this cannot but be admitted as a Principle; 
That if two determinate Quantities a and b are ſuch, 
that every other imaginable Quantity which u great= 
er or leſs than a, is alſo greater or leſs than b; theſe 
two Duantities a and b muſt be equal. And this 
Principle being granted, which is in a Manner ſelf= 
evident, ic may directly be proved that the Trian. 
. gle (before- mention d) is equal ro the Circle: Be. 
* cauie every imaginable inſcribed Figure, which is 


E 2 * bis 
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© Jeſs than the Circle, is alſo leſs than the Triangle: 
* And every circumſcribed Figure greater than the 
Circle, is allo greater than the Triangle. 

This is that which is called the Quadrature of 
(or ſquaring) the Circle, which conſiſts in finding a 
Square, Triangle, or any other Rectilineal Figure 
exactly equal to a Circle. And this would eaſily 
be done, could we find a Right Line equal to the 
Circumference; as is plain from this laſt Propoſi- 
tion. But ſuch an Equality is not to be found Ge- 
ometrically. 


To find the Area of a Circle. 


Since the Circle is equal ro a Right-angled Tri- 
angle, whole Bale is the Radius, and the Perpendi- 
cular a Line equal to the 

Circumference; half the 
Product of rhe Radius 
into the Periphery, will 
give the Area of the 
Circle. 

In Pradtice, therefore 
ſay, either as 7: to 22 
: So is the Diameter in 
Inches equal Parts, &c. 

ro the Circumference, or more nearly and without 

Diviſion, ſay, as 1000 is to 3141: : So is the Ra- 

dius of any Circle in Inches (ſuppoſe 9 Inches) to 

28.269, which therefore will be Semi- circumfe- 

rence: And this multiply d by 9 Radius, gives 

254.421, for the Area required. | - ih 


For the Area of a Sector or Segment of any Circle. 


Since a Circle may be conceiv'd as an Aggregate 
of an infinite Number of Iſoſceles Triangles, whoſe 
common Vertex is the Center; any Portion of the 
Periphery, as 6 c, being conſidered as a ſtrait * 
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and the Perpendicular ae ler fall, the Area of the 
Sector muſt be half the Product of the Ark b c into 
the Radius à e; and if ſrom the Sector you rake the 
Area of the Right-lined Triangle a 6 c, there will 
remain the Area of the Segment bec. 

32. If a Right Line could be diſpoſed into theForm 
of the Circumference of a Circle, it would contain 
more Space than any other Figure, or- Regular Po- 
lygon whatſoever: Suppoſe the Circumference of 
the Circle, abcd, to be diſpoſed into the Form of a 
Square, or into any other Regular Polygon: So that 
all the S des eg, gh, hi, and i e to- | 
gether may be equal to the Circum- 
ference ab cd; I ſay, the Circle is 
greater than that Square. For the 
Circle is equal to a Rectangled Tri- 
angle, one of whoſe Legs is the Ra- 
dius f a, and the other the Circum- 
ference. And the Polygon is equal 
alſo to ſuch a Triangle, one of whoſe Legs is the 
ſame Circumference 4 b cd, or the Sum of the Sides 
geihb,; and the other Leg is the Line fo (4. 25.) But 
as the Line Fo is leſs than the Radius Fa, ſo the ſe. 
cond Triangle, which is equal to the Polygon, muſt 
be leſs than the firſt, which is equal to the Circle; 
and therefore the Square or Polygon muſt be Jeſs 
than the Circle, which was ro be demonſtrated. 
© And this is what we mean, when we uſually 
* ſay, that of Hoperimetrical Figures (or Which have 
equal Perimeters or Circumferences) the greateſt is 
the Circle. . 


Before we go to Solids, I thought it proper to 
give the Learner here, this moſt noble Theorem of 
Pythagoras; becauſe, tho' it be indeed demonſtrated 
in the ſixth Book, yet nearly after Euclid's manner, 
it may alſo be done here: Thus, 

E 3 In 
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In every Right-angled Triangle as a bc. The 
Square of the Hy pothenuſe a c, is equal to the Sum 
of the Squares of the Legs a band bc ; For, 


I. The Square of c a, is equal to the two Rect- 
angles df and Fe. 


II. The Rectangle 4 f is double of the Triangle 
abd, being of the ſame Baſe and Altitude; and the 
Rectangle F e is for the ſame Reaſon, double of the 
Triangle bec. (by 3. 18.) 


III. Bur thoſe Triangles, being of the ſame Baſe 
and Altitude with, will be equal alſo ro one half 
of the Squares þ and h KA: Wherefore the Square 
of ac is equal tothe Sum of the Squares of the Legs. 


Thaye 
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T have here added alſo the Subſtance of the ſecond 
Book of Euclid, about the Power of Lines, Ge. 
And I would adviſe the young Geometrician, before 
he proceeds any farther, (and if nor done already) 
to begin the Study of Algebra; a little of which 
will be of excellent Uſe to him in facilitating the 
Demonſtrations in Geometry, and in preparing the 
Mind, and enuring of it ro Abſtraction, before he 
come to the Doctrine of Proportion. And the four 
| . firſt Rules of Addition, Subſtration, Multiplication 
and Diviſion in Integers and Fractions, Will be ſuf- 
ficient to enable him to underſtand the following 
Propoſitions: As alſo the moſt uſeful Ones, which 
he will find added (in this Edition) in all the fol- 
lowing Books of theſe Elements. 


I. If there be two Lines Z and X, one cf which, 
as 3, is divided into any Number of Parts, as inte 
a re ie. The Rectangle under the two 
whole Lines 7 x, is equal to the Sum of all the 
Rectangles made by x multiplied into the Parts of x. 


a e — " 
2———— 
X| ——— | 


That is, Z X NA Xe Xi X. This is 


ſo plain, it needs no Proof. 


If a Right Line, as Z, be divided into two 
Parts, 4+ e; The Rectangles made by the whole 


Line, and both its Parts, are equal to the Square 


of the whale Line. 
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That is, xa TX NJ. 
For za =aa+ae. | 
And ze ae ee. 

That is, | - 
za+;ze=aa+2 4 T en QA NC. 
Q. E. D. 


III. Let the Line Z be cut into a e; then ſhall 
the Rectangle under the whole Line (Z) and the 
Part (4) be equal to the Square of that Part a, to- 
gether with the Rectangle made by the two Parts 
and e. | 

That is, Za=aa+ae. 


4 e 


2 — —ͤ ( —ů 


For 2 Sate | 
And a+eXa=aa+ae. Q. E. D. 


IV. The Square of any Line, as Z, divided into 
any two Parts à and e, is equal to both the Squares 
of thoſe Parts, together with two Rectangles made 
out of thoſe Parts. | 


That is, z4=4a4 +24eþee. 


4 E 
Z| — —— —— | 


Multiply a+ e by itſelf and the thing is plain. 


Book IV. 


of GEOMETRY: 


COROLLARY. 


Hence 'tis plain that the Square of any Line is 
equal ro four times the Square of irs half. For ſup- 
poſe Z. to be biſſected, then each part will be a, and 
mulriply ing 4 ＋ 4 by itſelf, the thing will plainly 
appear. 

Fd f 


a | 4 


— — — 


aa œP aA ＋E 44 TL 44 444. 


V. If a Line be divided into two Parts equally, 
and in two other Parts unequally, the Rectangle 
under the unequal Parts, together with the Square 
of (the intermediate Part) the Difference between 
the equal and unequal Parts, is equal to the Square 
of half that Line. | 
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Let the whole Line be 2 a, then each Part will 


be a. Let the leſſer vnequal Part be e, then the in- 
ter mediate Part will be a — e, and the greater un- 


equal Part will be 2 4 — e; which multiplied by 
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e, produces 2 2e — ee; To which adding the 
Square of the Difference, or intermediate part a—e, 
which is 44 — 24 e Fee, the Sum will be only 
4 4, the Square of half the Line. 


VI. If a Line be biſſected, and then another Right 
Line be added to it, the Rectangle or Product of 
the whole augmented Line, multiplied by the Part 
added, er with the Square of rhe half Line, 
is equal ro the Square of the half Line and part 
added, conſider'd as one Line. 
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Let the firſt Line be 2 4, and the Part added e, 
then the whole will be 2 a + e; which multiply d 
by e, produces 2 4e e e, and the Square of ha L the 
SY 5 ine 


Line 4 4 being added to it, it will be 2 40 ee . 
44, which is equal ro the Square of a-+e, by 
Prop. 4- | 


VII. If a Quantity or Line be divided any how 
into two Parts, the Square of the whole added to 
the Square of one of the Parts, ſhall be equal to two 
Rectangles contained under the whole Line, and that 
part added to the Square of the other Part. 


a E 


. 


2 


Ler 4 be one Part, and e the other. The Square 
of the whole and of the leſſer Part e, makes a a ++ 
24ep2ee, Then if the whole a + e be multi- 


| plied twice by e, it will produce 24e+2ee; and 


if to this be added the Square of the other Part a a, 


the Sum will be | | 
aa-2ae+2ee, equal to the former. 


VIII. If a Line be cut any how into two Parts, 
the Quadruple Rectangle under the whole Line and 
one of the Parts added to the Square of the other 
Parr, is equal to the Square of the whole and the 
other Parr added to it, as if it were but one Line. 


A e 


2— 


[ 
Leet the whole Line be a He, then four times that 
multiply d by e (or the Quadruple Rectangle under 
that and e) will 442 e + 4ee; to which adding the 
Square of the other Part a a, the Sum will be 
a4 ＋ 4aeÞ+ 4c 7 
And if you ſquare a + 2e, which expreſſes the 
whole Line, with e added to it, the Product will be 
the former Sum of a 4+ 44 e + 4ee. op * 
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IX. Ifa Line be biſſected, and alſo cut into two 
other unequal Parts, the Sum of the Squares of the 
unequal Parts will be double to the Sum of the 
Squares of the half Line, and of the Difference be- 
tween the two unequal Parts. 


* 
5 
JJ no Os nn Peres ol 
... De LON 
„nnen: 


Let the whole Line be 2 4; and the Difference 
between the equal and unequal Parts &; then the 
greater unequal Part will be a + 6, and the leſſer 
a—b : The Sum of the Squares of the unequalParts 
will be2a a F. 266, which is double to the Square 
of half the Line added to the Square of the Diffe- 
Ace. 2. E. D. 


X. If a Line be biſſected, and then another Line 
added to it; the Square of the whole encreaſed 
Line, together with che Square of the Part added, 
is double the Sum of the Squares of che half Line, 
- of rhe half Line and Part added, taken as one 

ine. | 
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Let the whole Line be 2 4, and the Part added e; 
then the whole encreaſed Line will be 2a Pe; and 
the half Line and Part added will be a + e. The 
Sum of the Squares of 24 ＋ e, and of e, is 4 44 
＋ 44e zee; which is plainly double to 4 4, 
and aa PZ Ae tee, added together. Q. E. > 

8 | is 
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This Problem is alſo of frequent Uſe. 


PROBLEM. 


To divide a Line ſo, as that the Rectangle 
under the whole Line a c, aud one Seg- 


ment a b, ſhall be equal to the Square of 
the other bc. 


4 a 

'c6=bIo 
TESTES EY þ h 
C oe JW — 2 


On ac make the U ed, whoſe Baſe e c biſſect in 
F, and draw a f; make fg af, and compleat the 
U, producing bh to &; Then is ac truly divided 
in6; for the Line e c being biſſected in , and the 
pr LANE 152 (by Prop. 6. of the Power of 
Lines) Ret. kg +fcq=fgq=faqm=ac 
fe: Wherefore taking f c9q * boats the 24 : 
kg Sac 9, and taking the Rect. k e from both the 
OE 288 Ig; that is Rect. 42 bg. 


©, 


. 
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N. B. This is called dividing a Line according to 
Extream and Mean Proportion; which Propor- 
tion cannot be expreſs'd in Numbers. 


PROPFP.L 


In an Obtuſe-angled Triangle, the Square 
of the Side ſubtending the Obtuſe Angle, 
exceeds the Sum of the Squares of the other | 
two Sides by the double Rectangle, (2 ba) 
under the Baſe, and the part added to it. 


Ler fall the Perpendicular p, and produce b, till 
it meet with it. | 


” of 
8 
5 


DEMONSTRATION. 
i. bb =bb+2baÞhaa+pp. 


2. And oo =pp+4aa. 
3. Bur bb oo =bb Haa+pp. 


| Wherefore h h exceeds the laſt Step by 2 U 4. 
Q. E. D. : - P R O P Ul 
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In an Acute-angled Triangle, the Square of 
the Side (h) /ubtending an Acute Angle, 
is leſs than the Sum of the Squares of the 
other two Sides, by double the Rettangle 
under the whole Baſe, (b +a) and the Seg- 


ment of the Baſe (a) which is next to the 
Acute Angle. 7 


Let fall the Perpendicular * 
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DEMONSTRATION: 
1. bh=bb-+pp. 

2. 00=pp—+4a. 

3 Q FF a=bb+2ba+Eaa. 


4. bb 
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BOOK v. 


Of Solids. 


Right Line is ſaid to be Right up- 
BJ on a Plane, when it ſtands on it 

S at Right Angles, juſt like a Pillar 
on the Ground, and is inclined 
no more to any one ſide of the 
| Plane, than to the other. 

2. Two Planes are parallel ro each other, when 
allche Perpendiculars that can be drawn between 
them, are equal. (That is, when they every where 
are equally diſt ant. 5 

3. One Plane is right or perpendicular to another 
Plane, when, like a well-made Wall, it inclines and 
leans on one fide no more than ir does on the other. 


F | 4. A 


/ 
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4. A ſolid Angle is made by the meeting of three 
F< . or more Planes, and thoſe join- 
ing in a Point; like the Point 
of a Diamond well cut. 
5. [f we imagine a Line, as 
a b, fixt above in the Point 4, 
to be moved along the Sides 
of any Polygon 4e; that 
Line by irs Motion ſhall de- 
ſcribe a Figure that is call'd a 
Pyramid. 
6. The Polygon is call'd the 
| Baſe of the Pyramid. | 
7. If a Line faſtened, as before, move round a 
Circle, as 4 c, it will deſcribe a Cone; and the 
Circle is its Baſe. And a Line drawn from the 
Center e to 4, is call'd its Axis. 
8. If a Line ab move uni- 
formerly about two Polygons 
ga and de b, which are every 
way equal, having their Sides 
and Angles mutually parallel 1 
and correſponding exactly to 
one another, as af tobe, fp 
to d c, Sc. then that Line ſhall 
by its Motion deſcribe a Figure 
which is call'd a Priſm, and the 
Polygon is irs Baſe. | 


— 


co c 


If 


oo ¶ M OY ] ¾ 


1 


lopiped. 

10. If a Line ab move uni- 
formly round two equal and pa- 
rallel Circles, it ſhall deſcribe or 
generate a Cylinder. * 
11. The Line joining the Centers e e, in the two 
Baſes, is call'd the Axis. „ 

* There is no need of conceiving two Baſes, e- 
qual, parallel and oppoſite, for the Geneſis of 
Priims and Cylinders. For they will be deſcrib'd 
as well by imagining a Line moving round the Cir. 
cumference of any plane Figure with a Motion 


© always parallel to it ſelf in its firſt Poſition, As 
if 2b be ſuppoſed ro be carried round any of the 


Baſes 4c b, keeping always the {ame Angle with 
the Plane which it firſt had, it will deſcribe a Tri- 
angular, Quinquangular, or Circular Priſm, accord- 
ing to the Figure of the Baſe. And the upper end 
of the Line will de ſcribe a Bale (as you may call 
it) ar the Top, equal and parallel ro that below. . 


CORALLARY. 


The Solid Content of all Iſoſceles Priſms and Cylin 8 
ders (as alſo of ali Parallelopi peds) is had by multi- 


plying their Height into the Area of their Baſe. 
And if they are ſcalenous Priſms or Cylinders, by 
multiplying the Baſe by rhe perpendicular Altitude. 


But after all, this Genefis of Priſms and Pyramids 


of Mr. Pardie, reſpects only their Surfaces. And 
therefore, the moſt proper way to conceive the Ge- 
neſis of all kinds of Priſms, is to imagine a Trian- 
gle, Quadrilateral Figure, or Polygon, or the Plane 
of a Circle to be moved in a Pofition always paral- 
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9. If all the Sides of a Priſm be a Parallelogram, 
then that Priſm is call'd a Paralle- 1 


4 
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lel ro itſelf; as ſuppoſe from / to e, or from g rod 
(in the preceding Figures) according to the Directi- 
on of the Line he or g d. Or according to Euclid, 
a Cylinder will be generated by the Revolution of 
the Parallelogram gede (See Fig. in Art 8.) round 
about the Axis ac. | 


COROLLARY. 


And from hence (as was obſerved before of Lines) 
tis plain that equal Surfaces moved uniformly over 
equal Places or Intervals, will deſcribe or generate 
equal Solids. | 0 | 

And as for the Geneſis of Pyramids, ſuppoſe the 
Triangle 4 bc, to move downwards from the Top of _ 

a Plane Angle, determined 
C by the two Planes a AB, 
a AC: Let this Motion be 
always parallel ro itſelf, 
— and let the Angular Point 
a N — of the moving Triangle a, 
N be ſuppoſed always to keep 


T0. 7 in the Line a A. 
LL | 4 in the Line 4 


MEET 'Tis plain, as this Tri- 
a ed angle moves farther down- 
A HH 


WW wards, it will ſtill get more 
NV and more within the Solid 
Angle, and ar laſt will come 

B Sata abr 
to be all of ir within ir, and 


J to lie in the Posen A B C, which will be the Baſe 


of a Triargular Pyramid, whole Vertex is at 4. 


The lame Triangle a bc, will alſo, by its Mo- 
tion, deſcribe another Pyramid, whoſe Baſle ſhall 
de the Parallelogram bc B C, and its Vertex 4, as 
ef re. ; 


13, If 


Book V. of GEOMETRY. 69 


13. If a Semi-circle 4 4b be turned quite round 
on its Diameter 4 b, it will deſcribe a 
Sphere or Globe, whoſe Axis will be a 6 4 a 
and its Center e. the lame with the Semi GAA; 
circle. Every Line paſſing through the @ 
Center c, and terminated at each end by QC 
the Surface of the Sphere, is called a D- H 
ameter, and may be called an Axis.- . 

14. All Lines drawn from the Center c to the Sur- 
face, are call'd Radii, and are all equal to one ano- 
ther. 


To find the Surfaces of Solids. 
I. For all Priſms, Parallelopipeds nd Cylinders. 


Find the Perimeter of the Baſe (which in Practice 
is done by girting it with a String) and multiply that 
by the perpendicular Height, the Product is the Sur- 
face without the Baſe, (i. e. without the top and bot- 
tom Planes) and the Baſes may be found by the 
Rules given in Plain Menſuration: The Reaſon of 
which is, becauſe a Rectangle of that Form and Di- 
menſions will juſt cover the outſide of the Body. 


II. For Pyramids and Cones. 
The Sarface of a Pyramid, is only an Aggregate 


of Triangles, which therefore muſt be found ſeve- 
rally, and then added up into one Sum. 


The Surface of ſcalenous Cones cannot be found 
exactly; bur for Right Ones multiply the Circum- 
ference of the Baſe by half of the Side of the Cone, 
the Product is the Area of the Convex Surface. Be- 
cauſe the Curve Surface of a Cone is equal io a Tri- 

> angle, 


- 
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angle, whoſe Baſe is the Periphery of the Baſe, and 


its Height the Side of the Cone; ſuch a Figure be- 
ing capable of exactly covering it. 


III. For the Surface of the Sphere. 


Multiply the Diameter by the Periphery of any 
great Circle, or by ſuch a Circle as bath the Diame- 
ter of the Sphere for its Diameter, the Product is 
the Surface. As appears from what will be prov'd 
below, after Art. 34. 


IV. The Surface of the five Regular Bodies, is eaſily 
Had, by the Principles of Plain Menſuration. 


15. Two Right Lines if they meet ſo as to cut 
or croſs each other, are in the ſame Plane: Where. 
fore all the Angles and Sides of every Triangle are 
in the ſame Plane. | 

16. If two Planes e hd and agf cut or interſect 
one another, they ſhall do ſo in' a 
Right Line, as b d; which is call'd 
their common Section. | 

17. It a Right Line dc be perpen- 
dicular to two Lines df and dg, which 
are in the ſame Plane, that Line is al- 

ſo perpendicular to that Plane. 
18. If a Right Line d e be perpendicular to three 
Right Lines di, dg and d a, they are all three in the 
ſame Plane: 3 

19. If two Lines dc, b i are perpendicular to the 

ſame Plane fg a, they will be parallel to one another. 
20. If two Lines d c, bz are parallel, and you draw 

another Line, from any Point in one to the other, 

as hd thoſe three will be all in the ſame Plane. 


TY If 


21. If two Lines dc, bz are parallel to a third 
4 k, though that third Line be not in the ſame Plane 
with them, yet they ſhall be parallel to each other. 

22. If a right Line a b be perpendicular to (or make 
any other equal Angles with) two | 
Planes f e ande d, thoſe Planes ate 
parallel. 

23. If two parallel Planes, d % 
and 4 e, are car by a third z z z, 
the common Sections F e and by {, 
are parallel, 

24. If a Solid Angle be made 
by three Plane Angles, any two of 
thoſe are always greater than the 
third. 

All theſe Propoſitions are ſo mani- 
feſt to one that will but conſider them 
with a little Attention, that tig 
needleſs to ſtay to demonſtrate them. 
(And indeed the Solemn and Regular 
Demonſtration of a thing plain in 
itſelf, always makes it more obſcure, - 
25. The Plain Angles, concurring to make a So- 
lid one, taken all together, are always leſs than 
four Right ones. For if they ſhould make four 
Right Angles, they would form a Plane and not 
an Angle. Wherefore, that they may make a Solid 
Angle, they muſt be leſs than four Right ones. 

"Tis a very good way in order to gain a clear Idea of 
Solids and their Angles, to make the Regular Bodies out 
cf thick Paper ar Paſt. board, and after the Deſcription 
of every Body, you will ſee the Figure, which being 
| folded up together, will expreſs the Solid. ol 

26. In all Parallelopipeds, the oppoſite Planes 
are equal; as is eaſy ro conceive (from 5. 9.) 


F4 27. All 
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27. All Parallelopipeds having equal Baſes (and 


Heights) or being between the ſame Parallels, are 
equal, for they are equal Aggregates of equal Pa- 


. 


rallelograms. (3. 14.) 
28. Every Parallelopiped is divided into rwo equal 
Triangular Priſms, by a Diagonal Plane, which is 
erpendicular co its Baſe : For every Parallelogram 
of which che Figure is compoled, is equally biſ- 
ſeed. | 
29. Triangular Priſms, having equal Baſes (and 
Heights) or being between the fame Parallels, are 
equal, for they are equal Aggregates of equal Tri- 
angles. 
30. Pyramids having equal Baſes and Heights, 
| are alſo equal: For they are all ſuppoſed ro grow 
Go taper alike, 
= 31. All Priſms in general, all Cylinders and 
Cones, with equal Baſes and Heights, are equal, 
32. Pyramids and Cones on equal Baſes, and of 
equal Heights with Priſms and Cylinders, are one 
third of ſuch Priſms and Cylinders. ew 
In a Triangular Priſm and Pyramid of the ſame 
Baſe and Altitude, it is thus prov d. : 
by a The Quadrangular 
Pyramid acefb is di- 
; £5 OT vided into two equal 
55 —— c Triangular Ones, by 
3 4 the Triangular Plane 
Fb c, and the Pyramid 
F cab, is the very 
ſame withbacf; and 
this is equal to the 
Pyramid 4e a: As 
„ 8 having an equal Baſe 
d 5 Je and the ſame Altitude 
6 | with it, and therefore 
the whole Priſm is divided into three equalPy YE 
W N W 


Book V. of GEOMETRY. 
And fince all multangular Priſms can be divided in- 
to Triangular ones, and that Cylinder is only a 
Multangular Priſm of infinite Sides, the Propoſition 
is univerſally true; That Pyramids and Cones, &c. 


N. B. A Piece of Cork or Wocd, in the Form of 


a Triangular Priſm, may be cut into three e- 
qual Pyramids, . 


CORALLARY I. 


Hence the way of finding the Solidity of 4 
Pyramid or Cone is diſcover'd, viz. To mul. 
tiply the Baſe by; of the Perpendicular 
Altitude. =p | 
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33. Every Sphere is equal to a Cone whoſe Per- 


pendicular Axis is the Radius of the Sphere, and its 
Baſe a Plane, equal to all the Convex Surface of it. 

For you may conceive the Sphere ro conſiſt of an 
infinite Number of Cones, whole Baſes taken all 


together compoſe the Surface, and whoſe Vertexes 


meet all together in the Center of the Sphere: Juſt 
as a Circle may be imagined to be compoled ot an 


infinite Number of Iſoſceles Triangles, the Aggre- 


gate of whoſe Baſes makes the Circumference, and 
their common Vertex is at the Center, 
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Hence the Solidity of the Sphere will be gain'd 
by multiplying its Surface by + of its Ra- 
di us. 


Let the Square ad, the Quadrant ch d, and the 
Right-2vgled Triangle a bd, be ſuppoſed all three to | 


revolve round the Line 
bd as an Axis: Then 
will the Square generate 
a Cylinder, the Qua- 
drant an Iiemiſphere, 
and the Trianglea Cone, 
all of che ſame Bale and 
Altitude. 


8 I. Then theSquare of 
I, eb(which is equal tothe 
L Square of f d, which is 
| equal to the Square of 
+, together with that of þ d (or its equal gh) will 
be equal to the Square of gh ( 4d) together with 
the Squares of F %. And fince Circles are as the 
Squares of their Diameters (which muſt be now ta- 
ken for granted, but will be proved in the fixth 
Book) the Circle made by the Revolution of eh, 
muſt be equal to the two Circles made by the Mo- 
tion of f h and þ g. Wherefore, 


II. If you take the Circle made by the Revolution 
of Fh from both, there will remain the Circle made 
by the Motion of gh equal to the Ring deſcrib'd by 
the Motion of ef: And thus it muſt always be, 
wherever you draw the Line e h, or i m. &c. 


7 
; 
* 


III. Therefore the Aggregate of all the Rings 
made by the Revolution of the e 's, muſt be equal 
to that of all the Circles made by the Motion of the 


2 b's: (i. 2.) the Diſh-like Solid, formed by the Re- 


volving Rings, will be equal to the Cone formed by 
the Revolution of the g h's, which are the Elements of 
the Triangle a b d. That is, the Diſti like Solid willbe 


as the Cone is & of the circumſcribing Cylinder, and 


conſequently the Hemiſphere muſt be; of it: Where- 
fore the Sphere 1s of the circumſcribing Cylinder. 


IV. Let then the Radius of the Sphere be r = 
cd b d, then the Diameter will be 2 7; let the Sur- 


face of the Sphere gener ated by the revolving Semi- 


circle be called S; and that of the Cylinder, formed 
by the Revolution of 2 ac = 27 = Diameter, be 


called /. Wherefore in what was juſt now proved, 


(by Art. 33. of this Book) the Expreſſion for the 
Solidity of the Sphere in this Notation will be 


"> and putting c equal to the Circumference of rhe 


Baſe, or for the Periphery of a great Circle of the F 
Sphere, the Curve Surface of the Cylinder (by mul- 


tiplying the Altitude into the Periphery of the Baſe) 


will be 2 7c; alſo!< will be the Area of a great 
2 


Circle (by Prop. 26. of Book 4.) and this multi- 


plied by 27, makes , which is the Solidiry 


2 
of the Cylinder (by Cor. Art. 11.) Now fince 


Jas put equal to 27 c=r0 the Curve Surface 
of the Cylindes (by ſubſtituting / for 2 rc). 


will be alſo = ro the Solidiry of the Cylinder. 


Now ſince the Sphere is =} of the Cylinder, * 


9 
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2 rſ Thar is - DS of Wherefore r $ 
| 3 
_— 7; that is, dividing by of 8 Or the Sur- 
face of the Sphere, is equal to the Curve Surface of- 
the Cylinder: But the Curve Surface of the Cylin- 
der was 2 7 c. ; 
Wherefore to find the Area of the Surface of either 
Sphere or Cylinder, you muſt multiply the Diameter 


(= 2 7) by the Circumference of a great Circle of 


the Sphere, or by the Periphery of the Baſe. From 
this Notation alſo =, the Area of a great Circle of- 


the Sphere, is plainly + of 2 rc the Surface of the 
Sphere. That is, the Surface of the Sphere is Qua- 
druple of the Area of a great Ciicle of it. 


V. Wherefore, to 2 1 c, the Convex Surface of the 
Cylinder, add 7 c equal to the Area of both its Baſes 


( each of which is ay you will have 3rc; which 


ſhews you that the Surface of the Cylinder (inclu- 
ding its Baſes) being 3e, is to the Surface of the 
Sphere, which is, 2 rc, as three is to two: Or that 
the Sphere is 3 of the circumſcribing Cylinder, in 
Area, as well as Solidity. 

34. Of all Solid Figures that can be encompaſs'd 
or determinated by the ſame Surface, the greateſt is 
a Spherical One, by Art. 13. of this Book, and Are. 
the laſt of Book the 4th. | | 

35. That is call'd a Regular Body, whoſe Surface 
is compoſed of Regular,and Equal Figures, And 


i =whoſe Solid Angles are all equal, as are—— _ 
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36. The Tetrahedron, which is a Pyramid, 6 


prehended under four equal and 
equilateral Triangles; ſo that 


its Baſe is equal to each Side. 


Wherefore its Solidity will he 
found by multiplying the Baſe 
+ of the Altitude; which is th, 
general way for all Pyramids. 


37. The Hexahedron or 
Cube, whoſe Surface is 


compos'd of fix equal. 
Squares, like Dice which | 


Lare us'd in play. 


Its Solidity will be found 


by Cor. of Art. 12. 


by 


2 


38. The od abedron, which is bounded by eight 


equal and equilateral Tri- 
angles. 5 
This Figure is two Pyra- 
mids put together at their 
Baſes: Wherefore its Soli- 
dity is had by multiplying 
the Duadrangular Baſe of 
either (here they are both 
 Join'd together in the middle 


N 


2 
2 


* 


\ 


of the Figure) by one third of the perpendicular Alti- 
' tude of one of the joined Pyramids, and then doubling 


the ProdufF, 


39. The Dodecabedron, which is contained under 
twelve equal and equilateral Pentagons. 55 


— 


Noe 
D 


. 


This 


8 
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. Thzs Figure conſiſts of twelve Pyramids, with Penta- 
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gonal Baſes, whoſe common Vertex is the Center of a 
circumſcribing Sphere: Wherefore any one of theſe 
twelve Pentagonal Baſes multiply'd by + of the Diſtance 
between the Center of that Baſe, and the Center of the 
Sphere ; and then that Product multiplied by twelve, 

gives the Solid Content of this Regular Body. 
40. The Iceſihedron, conſiſting of twenty equal and 
equilateral Triangles. 


ä eh This Figure is compo- 
FAT 8 ALEX ſed of 20TriangularPy- 
BEN NUNN F rami ds, all equal to one 
$2. another, and whoſe Ver- 

Y T LN, 7 tex is the Center of a 
 circumſcribing Sphere: 
Mherefore any one of the 20 Triangular Faces, mul. 
tiplied by of the Diſtance between the Center of the 
Face and the Center of the Sphere, and that Product 

multiplied again by 20, gives its Solid Content. 

41. Beſides theſe five Regular Bodies, tis not poſſible 
to find any others that ſhall correſpond to the De- 
finition; which is thus demonſt rates. 

To begin with equilateral Triangles,which are the 
moſt ſimple of all Rectilineal Figures. Of theſe there 


muſt be three at the leaſt to make a Solid Angle, and 
three of them join'd together will juſt make the Terra. 


hedron. For thoſe three Triangles meeting in a Point 


do form a Triangular Baſe ſimilar and equal to the 
Sides; as appears by the bare Compoſition of the 


Figure. Four Triangles join'd together in a Point 


make the Angle of the Odt ahedron. 
By joining five ſuch Triangles together, the An- 
gle of the Icoſihedron is form'd. 
But fix ſuch Triangles join'd in a Point can't make 
a Solid Angle: Berauſe they make four Right Ones 
(for every Angle of an equilateral Triangle is 5 of two 
OP 
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or 2 of one Right Angle, either of which Fractions mul. 
tiplied by ſix, gives four right Angles.) Whereas every 
Solid Angle is made up of ſuch plane Angles as all 
together muſt be leſs than four Right ones (5. 25 
So that with Triangles tis impoſſible to form any 
more Regular Bod ies than theſe three. 8 
Next, if you take Squares and join three of them 
together; they will make the Angle of the Cube: 
And there can no other Regular Body bur a Cube 
be made with Squares, for four Squares join'd to- 
gether, will not make a Solid Angle, but a Plane. 


SS] : | og 
„ you join the Angles of three Pentagons toge- 
ther, you will conſtitute the Angle of the Dodeca- 
7 But four ſuch Angles cannot make a Solid 

ne. e 

And laſtly, Three Hexagons joined together do 
make juſt four Right Angles, and theretore they 
cannot make a Solid Angle: And as for three Hep= 
tagons, or other Figures of yet more Sides, they 
can much leſs do it; (b:cauſe their Angles being very 
Obtuſe, three of them will exceed four Right Ones.) 
So that upon the whole tis plain, that of theſe five 
Regular Bodies, three are made of Triangles, one of 
8 and one of Pentagons, and there can he no 
other. | 
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BOOK V. 


Of Proportion. 


HE N we ſpeak of Magnitude, and 
T&F lay, that any Quantity is great, 
we always make a Compariſon 
between that Quantity and ſome 
other of the (ame Nature, in re- 

ſpect to which we ſay that it is 


Thus we ſay of an Hill, that tis Little; or of a 
Diamond, that tis Large; becauſe we compare that 
Hill with others that are Higher, and in reſpect of 
them tis Little; and we compare that Diamond 
with others that are Little, and in reſpect of them, 
we ſay tis a Large one. 

2. When we conſider one Quantity in reſpect of 
another, to ſee what Magnitude it hath in comm 

A | on 
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ſon of that other: The Magnitude ſo found, is call'd 


its Ratio or Reaſon ; tho' it would be more intelligi- 


ble if it were call'd Compariſon. 


3. Thar Quantity which is compar'd with another 
is call'd the Antecedent; and that other with which 


it is compar'd, is call'd the Conſequent. 

4. When we conſider four Quantities, and com- 

pare them (by Pairs) two with rwo-; as à4 4 with 

b 2, and c6 with d 3. If we find that a hath as 

much Magnitude (or is as big) in 

compariſon of b, as c hath in compa- 4 6 
th 

E 


* 


5 


tio's are equal; that is, the Ratio that a hath to 6; 


riſon of 4; (i. e. Mhen we find that a 
is contained in, or doth contain b:: as 
often as C is contained in, or doth con- 4 © 


| taind): Then we ſay, that their Ra- 


is equal to the Ratio of c to d: For as à is twice as 
big as h; (oc is twice as big as d. 


5. But if a 4 hath more Magnitude in reſpect of 
b, than c 6 hath in reſpect of e 5, That is, if as a 4 
is twice as big as b 2, c6- be found nor to be twice as 
big as e5: Then the Ratio's are unequal: And we 
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ſay, 4 hath a greater Rat io to b, than c hath to e. 


So that to have a greater Ratio, is nothing but to 


have more Magnitude, or to be bigger, in reſpect of 
a ſecond Term, than a third is in reſpect of a fourth. 
6. The Equality of Ratio's is called Proportion; 

and when we find that of four Quantities or Num- 
bers, the firſt hath as much Magnitude (or is as big) 
in reſpect of the ſecond ; as the third is in reſpect of 
the fourth ; then we ſay, that thoſe four Quantities 
are Proportional. | | 

The better to make the Myſteries of Proportion com- 
prebended, which paſs for the moſt d:fficult things in Ge- 
ometry, 4s unqueſtionably they are moſt important, I 


Will explain them by an Example ; which (in my Opi- 
G nion 


nion) will render all thoſe things very intelligible, which 


otherwiſe appear very perplex'd, 
7. Let us imagine the Circle þ A d to be deſcrib'd 
by the Motion of the Line o, round the Center o: 


4 


And at the ſame time, let the Cir- 
cle c ae be deſcribed by the Moti. 
on of a Point c, in the Line 0b: 
Ler us ſuppoſe alſo that the Line 
o be moved once round again, and 
at laſt ro ſtand in the Poſition o d. 
Let the Ark 4 Bb be called B, and 
| the Ark eDc, be called D. Ler A 
be put for the whole outer Circle, and à for the 
whole inner one, 

Now if we compare the whole Circle A with its 
Ark B, and the whole other Circle a with its Ark D. 
We ſhall find plainly, that the Circle A is juſt as big 
in reſpect of the Ark B, as the inner one a is in re- 
ſpect of the Ark D; and therefore if B be a fourth, 
or any other Part of the Circle A, D alſo will be a 
fourth, or the ſame proportional Part of its Circle a, 
Which we uſually expreſs by ſaying, as A is to B, 
ſoisa to D. And write it thus, A: B:: 4: D, or 
38312. 1 | 
38. If you ſhould change the Order of the Terms, 

and compare B with A, and D with a; you will find 
plainly that B: A:: D: 4. So that ſuppoſing A: B:: 
41 D, we cannot bur preſently conclude by inverſe 
Proportion, that B: A:: D: a, 

9. If you change them ſo as to compare Antece- 
dent with Antecedent, and Conſequent with Con- 
ſequent, you will find Alternately, that A: :: B: 
D. And this is very plain; for if the whole Circle 
A be double, triple of, or in any other Proportion, 
to the Circle a, the Ark B muſt be alſo double, tri- 
ple of, or in the ſame Proportion to the Ark D; for 


Aliquot Parts will be as their Wholes. This I (ay is 
| plain, 


WP fil. = bis Þ oo» #8 I 


c 


their Conſequents; as for Inſtance, 


2 l 
* ** . 
* 3 


plain, becauſe the two Circles A and a are deſcribd 
by the Motion of the Line oc; ſo that while b de- 
ſcribes the Circle A, c deſcribes the inner Circle a ; 
and while 6 deſcribes the Ark B; c allo deſcribes the 
Ark D. And this by one common circular Motion; 
only the Point e moving much ſlower than the Point 
b, deſcribes a Circle much leſs, in proportion to the 
ſlowneſs of its Motion: Thus alſo when the Point 5 
ſhall have deſcribed the Ark B, the Point c in like 
manner will have deſcrib'd the Ark D, which will be 
much leſs than B; in Proportion to the flowneſs of 
its Motion; in Numbers 24:8 ::6: 2. 

10. If we compare the Differences between the 
Antecedents and Conſequents, with | 


Aleſs B with B, and a leſs D with 
D, we ſhall find they allo are pro- 
portional: And that A leſs B: B:: 
ales D: D:18:6::6:2. 

For 'tis manifeſt that the Ark 
bAd (which is A leſs B) is ro B 
as the Ark ce (which is à leſs D) is ro D. And this 
is call'd Proportion by Diviſion. | | 5 

11. If we add the Antecedents and Conſequents 


together; we ſhall find that A more B, is ro B: : as 
| more D is ro D. Which is call'd Compoſition, In 
| Numbers 30:6:: 10: 2. | 


12. And if we would ſay, that A*A leſs B:: 4: * 
leſs D. This kind of Proportion s call'd Converſions 


Jou may allo infer by way of mixing the Terms, as 


ſome call it, Thar A- B: A- B:: t. D: 2— . 
or that A＋ B. ＋ O:: A- B: 2 — D, Cc. That 


is 30: 18 :: 10 : 6 and 30: 10 :: 18:6, Ge. 


And it will be very convenient for the Learner to 
enure himſelf to all the Changes and Varieties of 


Proportion, and to have them ready in his Mind 


Becauſe a great many Propoſitions in Geometry, as 
LD G 2 they 
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they have been delivered by the Ancients, and pur- 
ſued by the Moderns that have trod in their Steps, 
are demonſtrated by Compoſition, Diviſion, Alter- 
nation, and intermixing of Proportion. 

13. If never ſo many Quantities are thus propor- 
tional: It will be as any one Antecedent to its Con- 
ſequent :: So is the Sum of all the Antecedents to 
the Sum of all the Conſequents. v. gr. 


i:11::2:6,::3:9:+ 522154 then ſhall 
14: 42 ip 4: I2, 


14. „„ 
4 11:3 9 and allo, 


9 

Then will it be by Proportion of Equality. 
„ „ 
1 


The Reaſon of which is plain, if you conſider, 
That ſince : F:: d: g: and g muſt needs be either 
ſimilar aliquot Parts, or Equi multiples of b and d. 
And therefore ſince a and c are to b and d, in the 
ſame Ratio as b and d are to f and g, a muſt alſo be 
in the ſame Ratio to f, the Part or Multiple of b i: 
as c is to g, the Part or Multiple of d. 


If 4: b:: 2d. 
24: 4:29: 3, Aud then, 


tie. 
47111189. 
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Then will 4: F:: bd. 
12: 2 :: 18:3. 


Which is called Proportio ex æquo perturbata; and 
this muſt be true: Becauſe 12 containing 4 as oft as 
9 contains 3, and 4 containing 2, as oft as 18 con- 
tains 9; 12 muſt contain 2 as often as 18 contains 
3. Wherefore this is only the orderly Proportion of 
Equality diſturbed, and therefore 1s by ſome called 
Inordinate Proportion. 

15. If B be taken as often as D, ex. gr. 3 B and 
3 D, we may conclude that B:D::3B: 3D, or as 
10Bro1oD, alſo 12 4 B, to 122 D. And ſo on 
in whatever Proportion the two Magnitudes B and 


P are multiplied, ſo they are multiplied equally, or 


that you take one as often as you take the other, For 
then there will be the ſame Proportion between the 
Magnitudes thus equally multiplied, as there was 
between the ſimple Magnitudes, before ſuch Multi- 
plication. And theſe Magnitudes, thus equally mul- 
tiplied, are call'd Equimultiples of the ſimple Mag- 
nitudes Band D; and we ſay thar Equimultiples 
are in the ſame Proportion as ſuch ſimple Magaitudes, 
out of which they are compounded. 

16. If B be divided in the ſame Manner as D is; 
and ex. gr. you take a fourth Part of B, and the like 
of D, or the tenth, or any other Part of B, and the 


ſame of D. Then will theſe Parts be proportional to 


their Wholes, B: D: : 4 B (or 25 B) is to 4, or ED, 
All which is ſelf. evident. „ 
17. To multiply one Line by another is to make a 


| Rectangled Parallelogram, whoſe two 


contiguous Sides ſhall be the two 4 
Lines given. Thus, if you multiply the 3 

Line A by B. 'tis the ſame thing as to 4 
make the Rectangle abc d; whoſe B—_ 
Side ab is equal to A, and 4c to 6, 


63 
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18. To multiply a Rectangle, or any other Sur face 
by a Right Line, is to make a Rect- 

5 angled Parallelopiped (or Priſm) 

| (5. 9.) whole Baſe ſhall be the Sur- 
1 . c face given, and its perpendicular 

1 4 Height the Line given. 
El Thus ro multiply the Surface a b 
die by the Line E, is the ſame thing 
as to make a Solid ab fg he, whoſe Baſle is the 

Surface given ad, and its Height a e or bf, equal 

to E, the Line given. E 

19. All Magnitudes may be expreſs'd by Lines; | 
As if one Magnitude be double or triple of another, 
or in any other Raz:e, two Lines may eaſily be taken, 
of which one ſhall be double or triple of the other, 
or in any other like Proportion with thoſe Magni- 
tudes: So for Inſtance, to expreſs two times, as one 

Hour and two Hours; or two Velocities, of which 

one ſhall be double to the other; you need only take 
two Lines, as a double of b; and then you may ſay 
that 4 repreſents two Hours or Velocities, and b an- 
{wers to one of each; and then you may proceed to 
compute with thoſe two Lines, as with the Hours 
and Velocities themſelves, &c. | 

20. To know the Proportion of Rectangles, the 
Ratio of the Length of one, to the Length of the 
other, and moreover the Ratio of the Breadth of 

— one, to the Breadth of the other muſt be known. 

For Example; To know what Proportion the 

, Rectangle ac hath to eg: Tis not 

: 5 ta enough only ro know that the Length 

. . 4 b is triple of e h; but it muſt be 
= \known alſo, that ad is double of ef. 
| ide For if az be taken equal to ef, the 
Rectangle bi will be triple of eg, be- 
cauſe 4b is triple of eh, and à i equal ro ef. And 
moreover, becauſe i d is allo equal to az, or e "= 
| a 
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ad is ſuppoſed to be double of az, and of ef) the 
Rectangle z c ſhall alſo be triple of eg; ſo that the 
whole Rectangle a c is twice triple of the Rectangle 
eg; that is, ſextuple of ir, or containing it fix times, 
And what we ſay now only of the double or triple 
Ratio of their Breadths and Lengths, is alſo to be 
underftood of any other Ratio, be it what it will: 
For if 2 6 be quadruple of e h, and ad triple of ef, 
the Rectangle ac, will be three times quadruple of 
the Rectangle eg; that is duodecuple of it, or doth 
contain it twelve times. 
But if a b be duodecuple of e h, and at the ſame 
time ef be triple of a d, then there is a certain Com- 


penſation made: For if Reſpect were had to their 


Breadths ab and e h only, the Rectangle à c would 


exceed the other, nay indeed con- 


tain it 12 times: Nevertheleſs this 222 UC 
Exceſs is loſt (in ſome Meaſure) in [EH 


LE 


reſpect of their Altitudes or Heights 4 cb & 
ad and ef, which if only conſi- 3 

der d, the Rectangle e g would be 

triple of ac. But then when we Fg 


come to compare theſe ſeveral Ex- 

ceſſes and Deficiencies together; we ſhall find that 

the Rectangle a c being one way 12 times greater, 

and the other way three times leſs than e g, will be 
at laſt bur only four times as great. 

2̃1. And this is what we mean, when we ſay, that 


N 


of that of their Sides; for if a6 be 
Rectangle eg in a Ratio compoun- E Ec 
twice triple, or in one Word ſex- 


all Rectangles are to each other in aRatio compounded 
triple of eh, and 4 d double of ef, 
the Rectangle ac, ſhall be to the 
ded of the triple and the double, e—P 
that is, it ſhall, be twice double, or 3 
tuple. So alſo if 46 were 2 of eb, and ad 
4 triple 
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triple of ef; the Rectangle ac would then be to eg 
in a Ratio compounded of the quadruple and the 
triple; fo that it would have been three times qua- 
druple, or four times triple, or in one Word duo, 
decuple of eg, 
Moreover, if 26 were duodecuple of eh, and 
4 d ſubtriple of eh, (that is, if ef be triple of a4) 
the Ratio of the Rectangle a e ro eg would be com. | 
pounded of the duodecuple and ſubtriple Ratzo ; ſo  Þ 
that ac would have been j2 times ſubtriple of, or 
in one Word quadruple of e g. 
If you take the third Part of a Crown 12 times, it 
will make, or be equal to four whole Crowns : So that 
Four Crowns are 12 times ſubtriple of one Crown; that 
35, do make 12 Thirds of a Crown. | | 
22. From whence ir will appear, that if the Sides 
of two Rectangles are reciprocally proportional, 
thoſe two Rectangles are equal: For if a b be dou- 
ble to e h, and reciprocally g be dou- 
a | ble to c: Orifabbe triple of e h, and 
lc then þ g be triple of bc; or in a Word, 
el jb if whatever Ratio ab hath to e h, bg, 
— hath back again the ſame Ratio to be, 
r tis plain, that as much as the firſt Rect- 
angle ac exceeds the other in Length, 
Juſt ſo much is it exceeded by the other in Breadth; 
ſo that the Length of one compenſates for the 
Breadth of the other, and conſequently they muſt” 
be equal. And from hence is dednced this moſt 
uſeful and important Propoſition : Thar, 2 


23, If 


/ 


of rhe two middle Terms, is al- 
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FI 23. If four Quantities (or Numbers) be propor- 


tional, the Product ariſing from the Multiplication 


ways equal to that which is made . - 
by the Multiplication of the two 1 22 2 
Extreams. Is if 26: h: : hg: 3 7 * 
b c. . | 

I fay, from t. e Multiplication 5 
of the Extreams 4b by bc there 7 * 
is produced the Rectangle ac: 
And by multiplying the middle Terms e h and h g, 
there is produced the Rectangle e g; and thoſe two 
Rectangles a c and e g are equal, (6. 22.) Becauſe, 


as much longer as a b is than e h, juſt ſo much longer 
is hg than bc). On which is founded the Reaſon 


of the Golden Rule. 


COROLLARY. 


Hence, if in two Ranks of Diſerete Proportionals, 
the four middle Terms are the ſame: As if 4: b:: 
o: d, and then alſo e: b:: c: f. I ſay ir will be as 
4: e:; So will reciprocally f, be to d: For fince 
the middle Terms are the ſame in both, the Rect- 
angle ad will be equal ro ef, and conſequently 
their Sides muſt be reciprocally proportional; that 
is 43 ; 27 ꝛ 4. N 

W har is thus done by Lines and Rectangles, may 
be done by any Quantity whatſoever; becauſe all 
Quantities can be expreſs'd by Lines, and all Mul- 
tiplications of Magnitudes by Multiplications of 
Lines, i. e. by Rectangles. (6. 24.) | 

24. When Rectangles have their Sides directly 
proportional, ſo thata b: e h:: ad: ef, then is the 
Rectangle a c to the Rectangle e g, in a Duplicate 
Ratio, to that of their Sides: For the Ratio of ac 10 
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e g, is compounded of the Ratio of b to e h, and of 
the Ratio of a dio ef (6. 26.) . Bur 5 | 
the Ratio of ab to eb is in this Caſe 
(by the Suppoſition) the ſame as the 


Ratio of ad toef; ſo that to gain 


lg the Ratio which the Rectangle ac 

b bath to eg, we need only take #wice | 
2 De g the Ratio of à b to e h. For Exam» 
F ple, if as here 4 b be double to e h, 


and 44 double ro e, the Rectangle ac ſhall be 
twice double, that is, quadruple of the Rectangle 
eg. And if 4b had been triple of e h, and conſequent- 
ly ad triple of ef: Then the Rectangle a c would 
have been three times triple, that is nine times as 
big as eg; Or if 2b had been quadruple of e h, ac 
would have been 16 times as great as eg. 

25. If a third Line be taken as 20; and it be ſo 

proportional that ab :eh::eh:no. Then 
21|....{0 ſhall the two Rectangles ac and eg be to 

one another, as the two Lines 4b and no: 
(vid. Fig. Preced.) | f 

For 4b is to 229 in a duplicate Ratio of ab to e b. 
And if a 6 had been (as it is double, triple or qua- 
druple of e h: Then would a b have been in a Ra- 
tio three times triple; or four times quadruple of 
(that is nine or 16 times as great as) the third Pro- 
portional no. 

26. Thoſe Rectangles which have their Sides thus 
proportional: That 4a b: h:: 4d: eff, are called 
Similar, Whoſe Homologous Sides are thoſe which an- 
{wer each to other in the Proportion, as 4 b and e b, 
or ad and ef: For as ab is the greateſt Side of the 
Rectangle ac, ſo eh is alſo the greateſt Side of the 


Rectangle e g. 


27. All 


— —_ 7 
* * ? 
Way v 
F 
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ö „27. All Squares are ſimilar Rectangles. For tis 
plain that if 4 b be double or triple of e h, a m muſt 
alſo be double or triple of hz : 

' BB Becauſe amisequaltoab, and 4 b e A 
hi to eh. : as #5 


28. All ſimilar Rectangles * HL 7. . ; 6 
| _ 

are to each other as the Squares ; 

of their Homologous Sides, I mot 5 


| | fay the Rectangle ac is to the | 
Rectangle e g:: as the Square bm to the Square ez. 
For as well Squares as ReCtangles are to one another 
in a duplicate Ratio of abroeh (6. 29. 30.) 
29. To know the Ratio between two ſolid Rect- 
angles or Parallelopipeds, there ought to be known the 
| ſeveral Ratio's that their Baſes and Heights have to 
each other ; becauſe the Ratio of one Solid ro ano- 
ther is compounded of the Razio's of their Lengrhs 
and Breadths and Thickneſſes or Heights; as is ea- 
fie to conceive, if that be well underſtood which hath 
been ſaid about the Proportions of Rectangles. For 
if one Parallelopiped hath irs Baſe double to the Baſe 
of another, and irs Height, triple of the Height of 
the other : The former will be twice triple, or three 
times double, or in one Word ſextuple of the latter. 
30. If the Baſes of two Parallelopipeds be Recipro- 
cally as their Heights, thoſe Parallelopipeds are equal: 
Which is proved by the 27th of this Book ; for as 
much as one exceeds the other in Breadth and 
Length, ſo much doth the other exceed it in Height. 
31. When Parallelopipeds have all their Sides pro- 
portional, they are called Similar, and they are in 
a Triplicate Ratio of their Sides, as it hath been 
proved of Rectangles, that they are in a Duplicate 
Ratio of their Sides. | 
32. Similar Parallelopipeds are ro one another as 
the Cubes of their Homologous Sides; for both 
Cubes and Parallelopipeds are in a Triplicate Ratio _ 
of their Homologous Sides. | 34. All 
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34. All Rectangles, haying the ſame or equal 
Heights, are to one another as their Baſes, and has 
ving the ſamſ© Bafes- heir Heights art N 
Ler the Rectangles A and B be between the ſame 
parallel Lines 4f and c 4; ſo that ad be equal ro cf: 

| then do I ſay, that A; B:: 40: be. 

e___ 3 Thar the Rectangle A is to the Rect- 

7050 A | angle B. as the Baſe 4 b to the Bale h e: 

4 And that if, for Inſtance, ab be double 

to be, then ſhall A be double to B. For 

A is nothing but the Line 6 a multiply'd by d a. (6. 

17.); and B is nothing but the Line c multiply'd 

by the ſame Line à d, or (which'is all one) be or fc. 
Wherefore (6. 15.) A:B::ab:be. 

35. All Parallelograms which are between the ſame 

Parallels (or which have the ſame Height) are as their 

Baſes. I ſay the Parallelogram eb is 

ed to the Parallelogram bg :: as the 
W LF 3 Baſe 46 is to the Baſe bc. For ha- 
ving made the two prick'd Rect - 
angles on the ſame Baſes, thoſe 
| will be equal to the Parallelograms, 
Aby 3. 14.) But theſe Rectangles are as their Baſes 
(by the Precedent). Wherefore the Parallelograms 
gz alſo be as their Baſes; That iseb: g:: ab: 

c. 

36. All Triangles (which have the ſame Heights) 
or are between the ſame Parallels, as are their Ba- 
ſes; For they are Halves of Parallelograms (3. 8.) 
37. When Triangles (as thoſe in the following 
Figure) have their Baſes · on one and the ſame Line, 
and their Vertices or Tops meeting in the ſame Point: 
They are taken to be between the ſame Parallels, as 
ade and ede, and ade and de (becauſe they have 
the ſame perpendicular Height.) 


PR O- 
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_ 


PROBLEM TI. 


Hence may a Trapezium as abce, whoſe two 
Sides a b ard ec are | 
parallel, be divided þ_ 
into any given Ratio. 2 | 

For take cd ab 
and draw ad, then 
will the Triangles : 
abf and fcd be e- 23233 
qual (by 14. 2.) and 8 h 8 2 
conſequently the Tri- ; 
angle ead = Trapez. ea be. Wherefore if you di- 


vide e 4 the Baſe of the Triangle e ad into any Num- 


ber of Parts, or according to any Ratio, Lines, 
drawn from the Vertex to ſuch Diviſions of the 
Baſe, will divide the Triangle e à d, and conſe- 
quently the Trapezium, in the ſame Ratio. 
38. If in any Triangle a Line be drawn parallel 
ro the Baſe, that Line ſhall cur the Legs proportio- 
nally. Let the Triangle be 4b e, 
and let the Line de be parallel to bc. a. 
I ſay that ad: ae:: ab ac :: 
db ;ec, &c. Draw the Lines dc 
and eb, then ſhall the Triangle 
ecdbetoead, as the Baſe ec is 
to 4 e. (6. 40. 46.) So alſo the Tri- 
angle de b is to ea d:: as the Bale 5 
db is to da. But the Triangle ec d is equal to deb 
(3. 15.); wherefore the Triangle Y de (or c ed) is 
to the Tr iangle e a d:: as bd is to da:: or as ce to 
ea. Therefore alſo muſt d: da:t:ce:ea, be- 
cauſe both the Ratio of h d: d a, and alſo that of 
ec:ea, are the very ſame with that of the Tri- 
angle be d or c ed, to the Triangle ade. 


COROL 
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If many Lines are drawn 
parallel to the Baſe of any Tri. 
angle, the Segments of the Sides 
a,bc, and d, e, f, will be pro- 
portional, for drawing o x pa- 
rallel to 2b: br and a x, 
but x: o: :: e: Wherefore 4: b 
%% OED. 

39. If in a Triangle, as a cb, you 

2 draw a Line de parallel to the Baſe 

cb, I ſay, that e d: c:: 4e: 4e :: 

or as ad: ab. For drawing e f Paral- 

2 2 lel to ab; fb will be equal to e d. 
- ; (3. 9.) But by the Precedentfb:cb 
7 :: 4e: 4c. Wherefore ed: ( 


e bi:ae: ac, or as à d to 4b. 
; 


PRO- 
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PROBLEM LE. © 


n No Lines a and b being given, to find e 
— | third Proportional to them. 

$ 

8 Make any Rectilineal Angle, and from the Vertex 
" or Top of it, fer the two given Lines down on the 
; Legs, as you ſee in the Figure. Ser alſo 6 downward 
1 

e 

N 

) 


N 


® * 
ftom S to L, join 8 T, and draw N L parallel to 
irs ſo thall T N be c, the Line ſought; For 4:6 
: e, by this Propoſition, 


1 po 
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If three Lines, as a, b, and c, had been given; 
to find a fourth Proportional (as d) to 
them, or to work the Rule of Three in 
Lines, you muſt proceed thus. 


Set the two firſt Lines à and b from the Vertex 
down on the ſame Leg; and then ſet c the third 
Line, from the Vertex on the other Leg : Draw the 


N * 


| | 
Line TS, and thro- the Point L draw LN parallel 
to it; So ſhall TN be equal to d, the fourth Pro- 


portional ſought; for a: U: : c: d, by the prece- 
dent Propoſitions. : 
* PR O⸗ 


« 
a . n P * = N WS * * 4 * 2 pl = RI" n 
- IL „ 9 N 
- x 5 « * 7 . * 1 
5 e \ 
, 7 6 „ 
. 2 ee * 9 2 a 
; ö ' ff —_— 
a „ \ 
3 C47 150 Roe 
. O E R Y | - © Ry 
| | T . » ff ©. 3 Ro 
Y x 1 2 5 = 4 * 1 
x , 25 0-2 7 
; . 
— s * 
. 2 


PROBLEM III. 


And this way ris very eaſy to find a Line Ws 


that ſhall expreſs the Product of any two 
Numbers or Quantities : Or the Quotient 


of one divided by the other. 


— 


For ſince in all Multiplication, as 1. is to the 


Multiplicator: : So is the Multiplicand to the Pro- 


duct: And fince in Diviſion, as the Diviſor is to 
1: : So is the Dividend to the Quotient: You may 
take your 1. of any Length off a Scale, and finding 
a fourth Proportional to the three firſt Terms, that 


| ſhall be a Product, or a Quotient required: Thus 


if b were to be multiplied by e, make 4 equal to 
Unity, and ſer off b and c as before ſhew d, fo ſhall 
d be the Product. Or if 4 were to be divided by b; 


take a=1, and ſet off all things as before; ſo 


ſhall e be the Quotient; for b: a :: d: c 
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PROBLEM IV. 


To divide a given Line a b into any Number 
of equal Parts. As ſuppoſe into Six. 


Make at a and b any two equal Angles, and on 
the Legs da and cb run 
with a Pair of Compaſſes 
five equal Diviſions (for they 
muſt be always one leſs in 
Number than the required 
Diviſion or Parts of the Line 
given) drawing alſo Lines 
acroſs from one Point to the 
other, as you ſee in the Fi- 
gure ; ſo ſhall thoſe Lines 
| divide the given Line ab 
i Into the fix Parts required: 
For the croſſing Lines being 
| parallel one ro another, 
muſt divide ab in the ſame Proportionasa d and be 


are divided. 


2 MW HH Ww i > 
RA bs oo 0 MS - 
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PROBLEM V. 


To divide a given Line a b into two Parts, 
ſo that they ſhall be to each other as the 
Line GC to D; or in any given Ratio. 


Make any Angle with the given Line a h, and ſer 
the Line c from its Vertex à rof. And (ſet the Line 
D from tog; draw the 
Line g 6, and thro' V, a 


Parallel to it, as f d: So 
ſhall the Point d divide Q | 
ab in the Ratio required: 0 £ 
For C: Di: ad: 76. | 

D 


And much the ſame 
way may you cur off from 
any given Line a b any 
Part or Parts required ; 
as ſuppoſe 5. ; Fae 

Make any Angle as g b 8 

as before, and ſet on the | 
Leg ag, 42 equal to five Parts taken off from any 
Scale: Then ſer two ſuch Parts from a to 5, join 
2b, and draw f d parallel to it; ſo ſhall a d be equal 
to 5 ofa b. | 


2 38. Theſe 


ELEMENTS ö 
38. Thoſe Triangles are called 
A qo Lib or Similar, which have all their 
| three Angles reſpectively equal to one 
C 7), 


another, or which are Equiangular : 

£ v. gr. If the Angle A be equal to 4, 

'p the Angle B to h, and C toc, then the 

© whole Triangle A BC is Like or Si- 
milar to the Triangle a be. 

39. All fimilar Triangles have their Sides about 
the equal Angles proportional. I fay, AB: 4 b:: 
AC:ac:: BC: be, &c. For take in the greater 
Triangle ABC, Ab equal to 46, and Ac equal 
to 4c ; then will the Triangle A bc be every way 
equal to a b (2. 11.) and the Angle Abc is equal 
to the Angle a bc; wherefore it will be alſo to B, 
which by the Suppoſition was equal toabe, and 
therefore c b is parallel to C B (I. 31.) and conſe- 
quently (by 6. 42, 43.) A: AB:: Ac: A C:: 


C 2 „ 


COROLLARY Ii. 


If a Quadrilateral Figure, as a b c d, be inſcribed 
in a Circle, the Rect- 

angle under the Diagc- 
nals b dand a c, is equal 
to both the Rectangles 
under the oppoſiteSidet:: 
Tbat is, 4c * d 


baxed+ a dx be, 
make the Angle C4 e 
cad; and then adding 
the Angle e af to both, 
the Angle baf—ead: 
| And the A a ad ſimilar 
to Abaf: Thenwillac:cd :: ha: be. (by this 


Prop.) Wherefore ac#be=cdxba, Again ” 
. "Ss 


to thoſe in the other, and alſo 


load: de:t:ac:ch. Whereforead xc b den 
a c. Butracxbe Hacxed=acxbg. Where. 
foreac x*9d=ba xde da be. QE. D. 


& OROE..H 
The Segments of Lines interſecting each other be- 
tween two Parallels, are 4 8 


proportional: 5 
i $1: erflor on 
by G6milar Triangles c: e © NS 
: 65 273 es altei- fo A 
nately c: 4: :e. MWhere- NY 7 — 
fore F de. | > 
40. All fimilar Triangles are in a Duplicate Ratio 
of, or as the Squares of their Homologous Sides ; 


for fimilar Triangles are the Halves of fimilar Paral- 


lelograms, wherefore they muſt be as their Wholes. 
41. Similar Polygons are thoſe which having an 

equal Number of Sides, have all | 

the ſeveral Angles in one, equal 4 


the Sides about thoſe equal An- BE b 
gles proportional. As it the E C 


Angle A be equal to 4, B to b; | 
and e AN: ab;; BO; 1 2 
be:: CD: cd; then thoſe two | 


Polygons are ſimilar. 
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— 42 And among curvilineal or mixt Figures, thoſe 
are /im;lar in which you may inſcribe, or about which 

you may circumſcribe ſimilar Poly- 

gons; ſo that any Polygon being 


A b N : ! 
A inſcribed or circumſcribed abour 
(M one Figure, you may inſcribe or 
B | (cr! ' 
1 circumſcribe a fmilar one about 
DC 
C 


the other. For inſtance, if having 

inſcribed any Polygon,asA BCDE, 

in the greater ch vi¹iincal Figure you 

can inſcribe another in all reſpects ſimilar to it in 

the leſſer Curvilineal Figure abc de, then thoſe 
two curvileneal Figures are ſimilar. | | 

In like manner having taken two mixt Figures, as 

the two Segments of Circles BAC and bac; and 

| | having inſcribed in one any 


A Triargle at pleaſure, as 
= BAC; if then you can in- 
BA NC 3 Dc ſcribe in the other Segment 


« * 
„* 
FF :- (1; > 
89 * 


5 5 5 4 another Triangle b ac, that 
X „ „ hall be fimilar: to the for- 
mer; then ſhall thoſe two 
Segments be ſimilar Figures. 
And if the Circles of which they are Segments be 
compleated, they ſhall be fimilar Parts of thoſe two 
Circles ; ſo that if BAC be a third Parr of its Circle, 
ba c ſball alſo be a third Part of its Circle: And if to 
the Centers you draw the Lines BD and C D, and 
alſo bd and cd; the Angles D and d ſhall be equal. 
(Sce 4. 11. and the following Pre poſit ions.) 


COROLLARY. 


The Peripheries of Circles are as their Diameters: 
For as BA: Ca :: B D: d:: 2 BD:2b4d ::foirwill 

be of every fide of the inſcribed or circumſcribed Po- 
lygon; wherefore the Sum of them all, that is the Pe- 
ripheries, muſt be in the ſame Ratio. 43. All 
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3. All Circles are ſimilar Figures. 

44. All fimilar Polygons may be divided into an 
equal Number of ſimilar Tri- 
angles: Let the ſimilar Polygons 
be AB CD E and abcde; 
and let the firſt be divided in- . 2 
ro Triangles by the Lines E B Ee 
and E C(3. 14.) I ſay that if 
the other be alſo divided into 
Triangles by the Lines eb and 
ec, all the Triangles in one ſhall be (reſpectively) 
fimilar ro thoſe in the other, „ 

For inſtance, I ſay the Triangle 4 be is ſimi lar to 
AB E: for the Angle à is equal to A, (by the Sup- 
poſition) and alſo A B: 4 b:: AE: a e (by the ſame;) 
wherefore the Triangle AB E is ſimilar to 4 b e. 
| (6. 46.) Again, the Angle EB C may be proved 

equal to e be; becaule the Angle A BC is (by the 
Suppofirion) equal to abc, and it was proved (in 
the laſt Step, where the Triangle A B E was proved ſi- 
milar to a be) that the Angle a be is equal to A BE; 
wherefore from equal chings taking away equal, the 
Angle E B C remains equal tothe Angle 73 c. In 
like manner the Angle ec6 is prov'd equal to 
ECB, and conſequently (6. 45.) the whole Trian- 
gle eb c will be ſimilar to EBC; and ſo of the reft. 

Hence the Practice of making ona Line given a 
Polygon ſimilar to one aſſigned is derived. For di- 
viding the given Polygon into Triangles, make a Fi- 
gure, conſiſting of a like Number of ſimilar Trian- 
gles, on the given Line. | | 

45. All ſimilar Polygons are to one another in a 
Duplicate Ratio of, or as the Squares of their Ho- 
mologous Sides. I ſay, as the Square of A B: Is to 
the Square of a b:: So is the whole Polygon 
AB CDE: To the Polygon abe de. For fince all 
the Triangles in one Poly gon are ſimilar to thoſe 


H 4 in 
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in the other (6. 51.) All in one Polygon will be to 
all thoſe in the other in a duplicate Ratio of any of 
their Homologous Sides; that is, as the Square of 
AB is to the Square of 4 b. | 
46. All ſimilar Figures, even Curvilineal ones, are 
to one another as the Squares 
A — any _ of any 3 
1 igures, which can be in- 
BZ Dc Oc ſcribed or circumſcribed a- 
: 5 : i 7 : bourthem,v. gr. Let there 
* „ be two Circles, in which are 
es inſcribed two ſimilar Tri- 
angles abe and ABC: I 
ſay, the whole Circle A B C, is to the Circle a bc: : 
So is the Square of B C, to the Square ofb c, or, which 
is the ſame thing, as the Square of the Radius B D 
ro the Square of the Radius 6 d. For in or about 
the Circle a b c may be inſcribed or circumſcribed 
any Polygon you pleaſe (or at leaſt ſuch an one may 
be imagined) (4. 30.) But every Polygon inſcribed 
in a be will have a leſs Ratio to the Circle A B C, 
than the Square of bc hath to the Square of BC: 
and every one circumſcribed about a bc will bave 
a greater Ratio ro the Circle A B C, as is eaſy to 
prove by the Precedent, and from what hath been 
ſaid of Circles in the fourth Book, Wherefore all 


fimilar Figures, Ec. 
COROLLARY I. 


I. Circles are ro each other as the Squares of their 
- Radii or Diameters: for ſuppoſe a Circle whoſe Ra- 
dius is 7, and chen another Circle greater, or leſs 
than that; and call its Radius R, then will irs Dia- 
meter be 2 R: then whatever the Ratio of the Dia- 
meter (2 R) be to the Periphery, let it be expreſſed 


by 
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by the Letter e, then will 2 Re (ore times the Dia- 
meter) be the Periphery; and half of this, vix. Re, 
multiplied by R will be the Area, viz. RR e. And 
by the ſame Method of reaſoning, the Area of the 
other Circle will ber re. But certainly RRe: 
re:: RR: rr: : RR: Arr. Wherefore, &c. 


II. Hence 'tis plain, that the Square of the Dia- 


meter of any Circle is to the Areã of it, as the Dia- 
meter is to 4 Part of the Periphery. 


Fer i RR: RR AR ( 


As is pla in by multiply ing the Extreams and me an 
Terms by one another. | 


INI. Hence alſo tis plain (again) that the Peri- | 


pheries of Circles are as their Diamerers. 


Thatis, N ar: 


IV. And fince the Area of every Circle is r r e, 


(that is, the Product of the Square of the Radius 
multiplied into the Name of the Ratio, between its 
Diameter and Periphery.) A very ready way (for 
common uſe) to find the Area of a Circle whoſe Ra- 
dius is given, will be to multiply the Square of the 
Rad ius into this or ſuch like Decimal 3. 1. Thus 
ſuppoſe the Radius 9 Inches: 81 X 3.1 = 251.1. 
which is very nearly the Area in ſquare Inches, 
tho' ſomething leſs. Bs 

47. All this may be apply'd to Solids. And there- 


fore /imilar Solids are ſuch, as have their Angles all 


equal, and the Sides about rhoſe Angles Proportio- 
nal; or (if they are of a ſpherical or of any ſpheroidical 
Figure) ſuch, as can have fimilar Solids inſcrib'd or 
circumſcrib'd in or about them, &c. 


|| 
| 
| 
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48. Similar Solids are to one another in a (Tripli- 
cate Ratio of, or) as the Cubes (of their Homologous 
Sides, &c.,) See 6. 36, 37, Ge. | 
( (And therefore all Spheres muſt be to one another as 
the Cubes of their Diameters, &c.) Which may be ea. 
fily thus proved; the Solidity of the Sphere may be 
expreſſed after this manner; by what is ſaid, in the 
Corallaries in 2 75, 76. 

The Area of a great Circle of the Sphere, whoſe 
Radius is R or er, being RReorrre (by Cor. 1. 
Art. 53.) 4 times that will be the Surface of each 
Sphere ; that is, 4 R Re the Surface of the greater 
and 4 7 7 e the Surface of the leſſer; and multi- 
plying the Surface by 5 ef the Radius, the Soli- 


ANNE and .: Which two 
p 3 LS 

Quantities being multiplied and divided by the 

ſame, will be in the ſame Ratio, when without ſuch 

4RRR b. 

| . 

4" C::RRR:rrr. That is, Spheres are as 


"IE 
the Cubes of their Radii, and conſequently, as the 
Cubes of their Diameters. Q. E. D. | 


4 


dities will be 


Multiplication and Diviſion: That is 
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PROBLEM. 

To find the Solidity of the Fruſtum of a Pyra- 

mid or Cone, cut by a Plane parallel to the 


| Baſe, having given the two Baſes together 
with the Height of the Fruſpum. 


Solution. By Prop. 32.0f Solids, a Pyramid or Cone 
is equal to + of a Priſm or Cylinder of the fame 
Baſe and Altitude. Let mn =k o the Ahitude of the 
Fruſtum, be called H, . 


and m a the Height of a 
the Top piece wanting N 
b; the Greater Baſe of X Wy K 


the Fruſtum B, and the 
leſſer Y; the Triangles 
42% K and ac g are ſimi. 

lar, (cg and p k being 4 : 
parallel exHyp-.)where- 
_— 2 4 pk: 5 a 
and alternatelyc g: p A:: ee 
ga: A4. 5 2 C. 8 90 

„4: m4 (from the Similarity of the Triangles, gan 
and k am; ) wherefore exequo cg: A:: 4. ma; 
. and by Divifion CE =P K: K:: 14 — mail= 
n n) ma; which put into Symbols (putting cg the 
ide of the Baſe =S, and 2k = -5)will ſtand thus S— 


42 ea «> SH 


ys | 
the Heighr of the little Pyramid or Cone which is 
wanting, I ſay, having found it in known Terms, it 
will be eaſy to find the Solidity of the Fruſtum; for 
multiply ing the Baſe B into the whole Height Hs, 
. FO | the 


=. Wherefore having found 
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the Product BH + BYD a Priſm of the ſame 
Baſe and Altitude with the whole Pyramid or Cone; 


and bh ga Priſmor Cylinder of the ſame Baſe and 

Altitude with the leſſer Pyramid or Cone. W herefore, 

BHE BT 
3 


Solidity of the whole Pyramid or Cone, and = = 


by the aforementioned Propoſition, 


Solidity of the lefſer ; now from the Solidity of rhe 
whole taking the Solidity of the leſſer Pyramid or 
Cone, there will be lefr the Solidity ofthe Fruſtrum 


required, v:z. N Solidity of the 


3 | 


Fruftrum. 


| The Theorem in Words is this : Multiply the 
greater Baſe by the whole Height, and from the Pro- 
duct ſubſtra the upper Baſe multiply'd by the Height 
of the Top-piece wanting, and + of the Remainder will 
give the Fruſtrum. | | 


49. It 
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49. If in a Rectangle Triangle 2 be, a Line as ad 
be drawn from the Vertex or Top „ 
; of the Righr Angle, perpendicular —_ 
to the Baſe, Hypothenuſe, or long- 4. 
eſt Side vc, it ſhall divide the Tri- Ps. 
angle ab e into two other Rect- b IS 
angled ones, 4 b d and d ac, which 
will be ſimilar to each other, and g 
to the whole ba c. For, 1. All tbe : 
three Triangles have one Right An. 1 en 
gle. 2. The Triangles abc and 
a b d have the Angle b common to both: Wherefore 
they are ſimilar (6. 45.) 3. The Triangles a be and 
a de have alſo the Angle c common to both: there- 
fore they two are ſimilar ; and laſtly, a b d and a de 
being both ſimilar to one third Triangle ab c, will be 
ſo to each other.) | g 
50. The Perpendicular a dis a mean or middle 
Proportional between b d and dc. That is,cd: da:: 
da: db. For the Triangles c da and ô da being fi. 
milar (by the laſt) c d4(the leſſer Leg of the Triangle 
c da) ſhallbe to a d (the greater Leg) : : As the ſame 
_ ad (the leſſer Leg of the other Triangle ad 6) is to 
bd the greater Leg. (6. 46.) 
51. The Square of à d is equal to the Rectangle 
made between cd and d b. For, ſince cd: da:: da: 
d b. (by the laſt) the Rectangle of the Extreams c 4 
and db is equal to the Rectangle of the mean Terms 
d a and da (6. 28) But the two ſides of that Rect- 
angle being equal, becauſe tis only d a taken twice; 
that Rectangle muſt be the Square of d 4; and ſo it 
may be laid down as an univerſal Theorem, that &c. 
(the Square of the Perpendicular drawn from the Vertex 
of any Rectangle Triangle to the Hypothenuſe, is equal 
to the Refangle under the Segments of that Hypothe- 
uſe. 


52. The 
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52. The Square of a mean Proportional is always 
equal to the Rectangle of the Extreams. 


PROBLEM I. 


Between two given Lines a and b, to find a 
mean Proportional, as d. 


Join 4 and & both in one Line, which make the | 
Diameter of a Circle; and then at the Point x, where 


the given Lines join, erect a Perpendicular as d; that 


: J 
he 
ſhall be the mean Proportional required. For the 
Angle DR S being a Right one (as being in a Semi- 
circle) b : d:: d: a, by Prop. 57. | 


PROD FH 


And thus may you find a Line equal to the Square 

Root of any Number or Quantity, by finding a 
mean Proportional between it and 1. For if b =4, 
and 4=1 ; then will 4=2, equal to the Square 


Root of 6. 


PRO B. 
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Thus alſo may a Square be found equal to any 
Rectangle given, by finding a mean Proportional 
between iis Sides, which ſhall be the Side of the 


Square required, 


PRO B -F: 
To find a Square equal to any Triangle. 


Find a mean Proportional between a Perpendicu- 
lar ler fall from any Angle to an oppoſite Side, and 
the half of that Side; and that ſhall be the Side of 
the Square required, 

53. A Rectangle being given to make another Ref 
angle equal to it, which ſhall have a Length given. 
Ler the Rectangle given be a c, and ler 
it be required to make another equal to * 
it, the Length of one of whole ſides ſhall 4 8 
be the Line e f: Here are now three ec 
Lines given, viz. a b and be (which are - 
the ſides of the Rectangle given) and ef, F 
which muſt be one fide of the Rectan. 
gle required. Therefore a fourth Line muſt be found 
which ſhall be the other fide of the Rectangle ſought : 
which is done by finding a fourth Proportional ro 

the three given Lines (6. 43.) which let be e h. So 
that e F: a b:: bo:eb; and then I ſay, the Rectan- 
2 fh j equal to d b, and is the Rectangle required. 

6. 27. 
N. B. This is called Application of the Rectangle 
equal to a Right Line a b, vid. Eucl. p. 6. e. 6. 
3 


54. To 
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54. To expreſs a Rectangle, you need uſe but 
three Lerters, v. gr. When we ſay the Rectangle 
de: We mean a Rectangle, one of whoſe Sides is 
bd, and the other d c. Bur if we ſay the Rectangle 
be d, we then mean a Rectangle, one of whoſe Sides 
is b c, and the other cd. 

55. In every Rectangle Triangle the Square of the 

Hypothenuſe is equal to the (Sum 
4 of the) Squares of the two other 


4 Sides (or to the Sum of the Squares 
a. of the Legs. | 8 


Let the Square b m, be divided 

: by the Perpendicular a de into the 

: two Rectangles d m and d n. I lay 

ö e m that the Rectangle dm is equal to 

5 the Square of à c, and the Rectangle 
d n, to the Square of a 5: and that by conſequence 
the whole Square h m is equal to the Sum of the 
Squares of abanda c. For, 1. The two Triangles 
a de and ab c being ſimilar (6. 56.) de: ca (in the 
lefſer Triangle dc a) :: as the ſame ac: co in the 
greater Triangle a c b. Wherefore a c is a mean 
Proportional between d c and c (or em) and con- 
ſequently the Square of a cis equal ro the Rectangle 
be d, or de m, that is d m. „„ 

And after the very ſame manner may 4b be prov'd 
to be a mean Proportional between 6 d and bc (that 
is bn, &c.) (for the Triangle a b d being ſimilar to 
a be; d bthe leſſer Side in one will be to ba the grea- 
ter Side, as that b a (now the leſſer Side in the other 
Triangle a be) is to b c the greater Side: That is, 
db: ba :: ba: be, (or bn) and conſequently the 
Square of a b is equal to the Rectangle d ben, or d n. 
And fo both the Squares together, of b a and a c, or 
OE = is equal to the Square of the Hypothenuſe. 


PR O- 
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Hence any two, or more Squares may eaſily be 
added together into one Sum. Let 4 b, ba, and ef, 
be the Sides of three given Squares, place a and d 


b 
at Right Angles, and draw the Hypothenuſe a d, 
whoſe Square will be equal to the Sum of the Square, 
ofdb and a b. Then ſer da from & to e, and the 
given Line ef, from & to f; So ſhall the Hypothenuſe 


Fe, be the Side of a Square equal to the Sum of the | 
three given Squares. 


PR OB IL 


Or if rwo Squares be given, you may ſubtract 
one from the other, and find a Square equal to the 
Difference between them. | 

Let a and 6 be the Sides of the given Squares; 
make (the longeſt Line) the Radius of a Circle, and 
ſet b from the Center on the ſame Right Line with az 
at the End of b, erect the Perpendicular p, which will 
be the Side of a Square * the Difference be- 


Ween 
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1 


2 


tween the Squares of à and b the two Squares given; 
for ſince the Square of à is equal to the Sum of the 
Square of b and p: (by the precedent Prop) The 
Square of p muſt be the Difference berween the two 
given Squares, Whoſe Sides are 4 and 6. 


PROB. III. 


Hence alſo may a Square be made equal to any 
given Polygon, or irregular Right-lined Figure: By 
reducing the Figure into Triangles ; finding Squares 
equal to thoſe Triangles ; and then one Square at 
laſt equal to the Sum of all thoſe Squares, 

Or by making Rectangles equal to thoſe Trian- 
gles, which ſhall have all the ſame Height; then 
joining thoſe Rectangles together, ſo as to make one 
great one equal to them all; and laſtly, make a 
Square equal to that Rectangle. | 


— 
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59. If upon the three Sides of a Rectangled Tri: 
angle are made three ſimilar Figures, and thoſe fimi- 
larly ar pot oe EO ſhall 5 
be equal to the other two. 1 

1 the three Figures being D 1 
ſimilar are as the Squares of 5 
their Howologous Sides (6. 53). Wu 

And therefore the Figure A *W 0 N | 
ſhall be ro B and C, as the- | lj Wi 


3 Square of 6 © is to the Squares "RS 
ofa band 4c. But the Square of b c is equal to 
f thoſe two Squares (by the laſt) therefore (the Figure 
: A is equal to bath B and C together. 
PROBLEM I. 
: To find two Lines b and c, which ſhall have 
7 _ the ſame Ratio to one another,, as two gi- 
$ ven Squares, Similar Triangles, Similar 
l Polygons, or Gircles. | 
4 Let a and d be the Sides of the two given Squares, 
n Triangles, Polygons; or the Diameters or Radius 's 


e of the Circles given: Set them at Right Angles to 


n \ 1 *4 * \ > "ox * * * * 8 
4 5 
— F 0 4 * 9 - 
U * - * 
31 0 * ” 
; 2 r 
_ 
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- , 01 . 
* 
1 
+ 
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One another, as you ſee, and draw the Hypothenuſe 

c, to Which ler fall the Perpendicular p, which 
ſhall divide the Hypothenuſe into two Parts C and c, 
the Lines required. For the Triangles Z and X be- 
ing ſimilar (by 56. of the 6.) will be ro one another 
as the Squares of their homologous Sides à and d, 
(6.47.) TheſeTriangles alſo having the ſame Height, 
will be as their Baſes (6. 42 ) wherefore their Baſes 

b and c, are as the Squares of d and a. Q. E. D. 


PROBLEM II 


This Problem may be inverted thus; To 
. make two Squares, Triangles, &c. having 
the Ratio of two given Lines, b and c, or 
in any given Ratio. 1 a 


Join the“ Lines into one continued Line, and then 
make that the Diameter of a Circle, from the Point 
where b and c join; erect a Perpendicular to the 
Curve as p, then draw d and a, and they {};all be the 
Sides of the Squares, Triangles, fimiiar Polygons, 
or the Diameters of the Circles required. 

In a Right-angled Trian- 

gle ler the Hypothenyſe be h, 

the Catheti or Legs b and c, 
a Perpendicular from the 
Vertex of the Right Angle p, 
and the Segments of the 
„ Baſe made thereby, à and e. 
Then 1. : b: c: p. Wherefore hp be, 
from whence will ariſe theſe 4 Theorems, for find- 
wy any of the Sides or Perpendiculars by having the 
_ 


1h 


A W 

1 37968 
4 = — #2 

2.5 4 7 


2. a. b :6,b bb = a b 
| 8 Wherelre. 5 
„ 6 c 


Whence will ariſe theſe two Theorems for finding 
the 9 from the 3 Sides. 


25 | 
JJ. 2 e. 
5 b 


. 4 4c 
: 0 18 Wherefore 3 © 
| 2. p:: E. b eb=p c 


From whence theſe Theorems will ariſe for find- 
ing the Segments, the Sides or the Perpendiculars, 


13 2. £5 =e, 
jp | 
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c. p:. b. 4 ca=pb 


* 3 . And 
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And conſequently, 
1658 we Toi — ph 5 
„ 


5. And ſince e= 5 568 (by 3) As. 


Therefore 55 . | Wherefore pp b=b cc 


and dividing both by c,ph=bc. 


That is, the Rectangle under the Legs, is equal to 
that of the Perpendicular into the Hypothenuſe, &c. 
For, by proceeding after this Method, the Reader 
may eaſily diſcover many ſuch Propoſitions as theſe: 
Which I leave to exerciſe his Skill and Diligence 
this way. | 


I. That the Rectangle under either Leg of a right 
angled A, and the oppofite Segment of the Bale, 
is equal ro that under the Perpendicular into the 
other Leg. = 


II. The Square of the Hypothenuſe is to that of 
either Leg :: as the Rectangle under the Hyporhe- 
nuſe, and the Segment of ir, oppoſite to that Leg, is 
to the Square of the Perpendicular. 


| | 

III. The Solid under the Perpendicular into the 

Rectangle of the Legs, is equal ro that under the 
Hypothenuſe into the Rectangle of its Segments. 


IV. The Square of the Perpendicular is to the 
Square of any Leg, as the Segment oppoſite to the 


V. The 


Leg, is to the whole Hy pothenuſe. 
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V. The Square of one Leg into the oppoſite Seg- 


ment of the Hypothenuſe equal to the Square of the 
other into its oppoſite Segment. Whereſore, 


VI. The Squares of the Sides are as thoſe Seg- 
ments. N 6 
36. If on the Hypothenuſe be of a Rectangled 

Triangle, there be made a Semi- 
circle bac, and on the other two 
Sides a b and ac, rwo more Semi- 
circles by a and a me, that great 
Semicircle will be equal to the o- | 
ther two (by the laſt Propoſition.) And if from the 
greater Semicircle, and the two leſſer ones, you 
take away What is common to both ; which are rhe 
two ſhaded Segments ab and ac; what remains 
of each muſt be equal, i. e. the Triangle ab c is e- 
qual to both the Lunes h nA and a mc. | 
And this is the Quadrature of the Lanes of Hip- 
crates of Scio. © | | | 

57. When the Triangle b ae is an Iſoſceles, then 
the Lunes will be equal, and then alſo the Triangle 
abo, being the half of a b c, will be equal to each 
Lune. Bur if the Triangle be a Scalene, as in this 
Figure, the Lunes are unequal ; and tis as difficult 
to divide the Triangle 4 6c into two Parts by the 
Line 40, ſo as to be able to prove the Triangle ab 0 
to be equal to the Lune hn a, and the Triangle oac 
to be equal to the other Lune am c; this is, I ſay, 
as difficult as to find the Quadrature of the Circle, 


N. B. Since this, [ſeveral ways have been diſcover d 
of [quaring any aſſigned Portion of theſe Lunes. 
(See the Philoſophical Tranſactions, N. 259. 

pag. 4, 11.) Of which this is one. 


14 ⁶³ - 
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Leet there be a greater Circle BG AC, on:whoſe 
' quadrantal Arch B A, let the Lune be BEAGB, or I. 
be drawn by deſcribing the ſemicircular Arch BEA, 
which is one half of the leſſer Circle BC AE. Let 
then a Line, as C E, be drawn from the Center of 
the greater Circle, cutting off any Portion or Seg- 
ment of the Lune, as BED: Tis required to 
ſquare thay, Segment. | 
Draw BG ar right Angles to EC; So ſhall the 
Chord BG be perpendicularly biſſected in the Point 
For u, draw alſo BE and EG A. I ſay, that the 
Right-Lined Triangle B EF, is equal to the Part 
of the Lune BED. | 
For FG being equal to FB, EF common to both, 
and the Angles at F equal, becauſe both Right, the 


Triangle EFG will be equal to BEF : Wherefore 
the Angle o being equal to a, they muſt be both Se- 
mi-right ; And conſequently, F and S mult be _ 


* EE" * * W __ 
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Semi-right : Therefore the three Triangles E B G., 
EB F and E FG, muſt be each one the half of a - 
Square. And conſequently, GB: EB::4/:2:4/:1. 

for the Square of GB is double the Square of EB; 
and ſince ſimilar Segments are as the Squares of 
their Chords, the Segments BG muſt be donble of 


BE: Wherefore the half of one will be equal to all 


the other; that is, B D F equal to the Segment BE. 
And therefore the Rectilineal Friangle B E E, ex- 
ceeding the Portion of the Lune by the half Segment 
BE F, and falling ſhort of the Lune by the Segment 
B E, which is equal to that former half Segment 


BODE, the Triangle is exactly equal to the Portion 


of the Lune. Q. E. D. | 
And the Ground of all is this, that the Angle BCE 


being ar rhe Center of one Circle, and ar the Cir- 
cumference of the other, muſt divide the Quadran- 
tal Arch BGA, in the ſame Proportion as it deth the 
Semi- circular one BEA: On which depends the 
Equality of the Segments BE, and B D F. | 
And ſince the Triangle BCA is equal to the Lune 
L, (as is apparent by taking the common Seginent 
B GA B, from the $-mi-circle B EA B, and from the 
Quadrant B G A C.) Ir will be eaſie to take from 
thence a Part, as the Triangle BO C, equal to the 
aſſigned Portion of the Lune. For having let fall a 
Perpendicular from E, ta find the Point O, draw OC; 
and then will the Triangle BO C, be equal to the 


Triangle B E F, before proved equal to the Segment 


of the Lune. For the Triangles BCA and BEE 
are ſimilar, as being each the half of a Square: And 


therefore the former tothe latter will be as the Square 


of B A. to the Square cf B E (6. 47.) their homo- 
logous Sides. That is, as BA is to BO (6. 25. for 
B E is a mean Proportional between B A and BO. 
Farther (be Triangle BAC, having the ſame Height 


Where» 


with BOC, will be to it as the Baſe A B to BO. 


7 
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Wherefore the tro Triangles BEE and BCO, be- 
ing proved to have the ſame Ratio to one and the 
ſame thing, muſt be equal. Q. E. D. 

And therefore to divide the Lune according to any 
given Ratio, you need only divide the Diameter 
AB, according to that Ratio in the Point O, and from 
thence erect a Perpendicular to find the Point E: 
then draw EC, which ſhall cut off the aſſigned Por- 
tion of the Lune. 

58. Two Chords cutting or croſſing each other in 

a Circle, have the Segments recipro- 
= 4 Ccally Proportional. : 
„ TI ay, thatac:be::de:ec,and 
+ : conſequently the Rectangle a ec is e- 
v qual to the Rectangle d e 6. 
agent” : For draw the prick'd Lines 4 b and 

d e, and the two Triangles 426 e and 

d ce will be Similar: Bccauſe 1. The Vertical or 

oppoſite Angles at e are equal (1. 23.) 2. The Angle 

b is equal to e, becauſe ſtanding both on the ſame 

Ark ad, and being in the ſame Segment (4. 12.) 

wherefore the rwo Triangles are Similar, and con- 
ſequently ae.eb:: de. ec. (6. 46.) Q. E. D. 

59. If 2c be the Diameter of a Circle, and bd a 

Perpendicular to it, de or be will be 

a mean Proportional between the 

Segments of the Diameter ae and 

C ec. Becauſe de is equal roeb (by 

4.6.) and therefore ſince (by the laſt) 

the Rectangle bed (that is be 

Square) is equal to a ec, as the Re- 

angles of the Parts of all crofling Chords are; the 

Line be or e d, muſt be a mean Proportional be- 


tween ac and ec. Q. E. D. 


60, Two 
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50. Two Lines à c and 4 d, drawn from a Point 
a, without a Circle, to the internal 
and oppoſite Part of its Circumfe- 
rence ; are to each other Reczprocally 
as their external Segments. I lay, 4 2, 
ad::ae :4b.and conſequently the 
Rectangle ca b is equal to da e. For 
ſuppoſing the Lines ce and b d to be 
drawn, the Triangles a ec andadb 
will be fimilar, becauſe the Angle à is common to 
both, and the Angle c is equal to d, becauſe ſtanding 
on the ſame Ark be (4. 12.) wherefore da :ab:: 
ca: ae; andalternately, da:ca::ab: ar. and by 
Inverſion 4: da: :a e: 4b (6. 45.) And therefore 
the Rectangle c 4 6 is equal to d a c. D. 

If one Line as à b, touch a Circle, as in the Point 
b, and another Line a d, drawn from the ſame Point 
a, do cut it; then is 4 b (the Tan- - 
gent) a mean Proportional berween 
4 d and a e (i. e. between the whole 
Secant, and the Part of it without the 


For drawing the Lines be and d, *\ 
the 8 eh and b ad will be Nec 
ſimilar, becauſe the Angle a, is com- 
mon to both, and the Angle 26e (made by the Tan- 
gent, and Secant e H is equal to d (an Angle in the 
oppoſite Segment) (4. 17.) therefore they are ſimilar, 
and conſequently e 4 (in the little Triangle) will be 


to 4 b:: as that ſame 2 0 is 0 4d, in the greater 


Triangle: i. e. e 4: 4b :: 4b r à d. QE. D. 
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61. Let there be a Diameter ah cut in e by an Infi- 
nite Perpendicular e e, whether with- 
— in the Circle, as in Fig. 1. at the Cir- 
LON cumference, as in Fg. 2. or without 
e e the Circle, as in Fig. 3. Let there 
be drawn alſo from the Point a, any 
WW Right Line, as à e, cutting the Per- 
4 2 pendicular in e, and the Circle in 4. 
e 1 ſay, it ſhall always be as d: 4 c:; 

a bꝛ ac. | 
For drawing the Line bd, there 


C 
a 
0 will be made two Triangles that are 
: ſimilar, as eac and dab; which 
ee will be ſo, becaufe they have one An- 
le as a, common to both, and the 
Angle d equal to c, becauſe both are Right ones (for 
d is Right by 4. 14) as being an Angle in a Semi- 
circle, and e is Right by the Suppoſition. Wherefore 
the Triangles are ſimilar, and conſequently ad : a c 
$346:ae Q. E D. f 

62. In the ſecond Figure, ad is always a mean 
Proportional between ae and ad; in the firſt, the 
middle Proportional is a E, drawn from a, to the 
Place where the Line ec cuts the Circle, 

63. If of a Triangle inſcribed in a Circle, the An- 


gle bac be biſſected by the Line 2 e d. | 
I ſay, then ba: ae: :ad; ac. For drawing the 
Line eb, there will be made two Tri- 
— angles a bd and a ec, which are fi- 
5 De milar; becauſe the Angle d is equal to 
c (4. 12.) as (being in the ſame Segment) 
or inſiſting on the ſame Ark, and bad 
is equal to e ac, by the Suppaſition. 
Wherefore the Triangles are ſimilar, 
and conſequently : 4 d:: 4e: 4 c. (and therefore 

alternately ba: ae: : ad: ac.) QE. D. 


64. When 
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64. When the Angle at the Vertex is thus biſſe 
&ed, the Segments of the Baſe 6 c are alſo propor. 
tional to the Legs of the Triangle (i. e.) be: ee 
::ba:ae For ſuppoſing ef drawn parallel to ba. 
Then will ba: 4c: : ef: Fe (6. 40.) Bur ef is e- 
qual to af; becauſe the Angle à e F is equal to eab, 
(as being alternate Angles 1. 31.) and conſequently 
to e 4 (by the Suppoſition) wherefore the Triangle 
a e F is an Iſoſceles (2. 15.) And therefore inſtead of 
putting of it as before ba:ac::ef:fc, we may 
lay ba: ac: : 4: fe. But as 4 f: fo: : ſo is he 
:e e (6. 42.) wherefore ba :ac::be:ec. Or, 


which is all one, bo: ec: : ba: ac. Q. E. D. 


N. B. This Propoſition is Univerſal ; and if any 
Angle of a Triangle be biſſected, the Legs about 
that Angle are proportional to the Segments of 


the oppoſire Side made by the Line biſſecting 


the Angle.) N 


65. If two Circles touch one another (in 4 Point 
within) as a, and if to that Point | 
you draw a Tangent and a Perpen- 
dicular a cb (which will paſs thro' 
both their Centers) (4. 5.) and if 
alſo you draw any Secant from 
the lame Point, as aed. I ay, 
"twill always be ac: ad::ac: 
ab, For having drawn the Lines 8 
ec and db, the Triangles a ec and 4 h d will be ſi- 
milar, as having the Angle at a, common; and e 


and d both right ones; (by 4. 145) and confequent- 
D 


ly ae: ad: : a cab. Q. E. D. a 

66. The Ark ec is to the Ark 4 b, as the whole 
Circle a ec, to the whole Circle 4 d b. (6. 49. and 
4. 1 I.) | 5 Jo 
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67. If two (or more) Chords, as e, C, iſſue from 
the ſame End of any Diameter of a Circle; Their 
Squares ſhall be directiy, as the 

Verſed Sines x X. 

And hall alſo be equal to 
the Rectangles under the Di- 
ameter and ſuch Verſed Sines. 

Let fall the right Sines s 
and S. Then will cc =5s 
-xx, and CC =SS+ 
X X, and if the Diameter be 
called D, its Parts will be x 

| and D—x, X and D—X: 

| But s 5 x, D- xx, and 
SS=D X — XX (by 66 of this Book) where- 
fore ſubſtitute thoſe two laſt Quantities inftead of 
the Equals s s and 85; and you will have cc=Dx 
. Tu & (that is) Dy and CC DX 
XX XX (that is) DX which proves the latter 
Part of the Propoſition, that the Square of the Chord 
is always equal to the Rectangle under the corre- 
ſponding verſed Sine, and the whole Diameter. 

| And 'tis plain thar, 


Dx.DX:: ».X. Q. E. D. 
P51 
80 rcle whoſe Area is equal to the | 
Sarfa 8 of a given Cone, ee its * 


mean Proportional between the Side of the C 
Radius of its Baſe. one and 


Let 


Let rhe Side of the Cone be a, the Radius of 
the Baſe Sr; then the Diameter will be 2 r, and 
the Periphery ne c. But half the Periphe- 
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ry into the Side of the Cone is: to the Convex ug 


face of the Cone (by ....) that is, ar e expreſſes the 
the Area of the Cone. Now ſince : ar is a mean 


—— 


Proportional between a and 7 (for a.\/: ar:: [car 


) I imagine \/: a to be the Radius of the Circle 
whoſe Area == Area of the Cone. Then will its 


Diameters be 2 72 7. and its Periphery 2 / : are: 
and by Multiplication of 2 Y: are, the Periphery 


into 3 4/ : 7 4 the half Radius: or V: Are into V: 
the Radius of the Circle will be ar e== , the Sur- 
face of the Cone. Q. E. D. | 
69. The Convex Surface of a right Cone is to the 
Area of its Baſe : : as the Side of the Cone is to the 
Radius of the Baſe, 
For ſince the Convex Surface of the Cone, (by 
what is ſaid after 14. Book 4.) is equal ro a Tri- 
angle whoſe Baſe is equal to the Periphery oi the 
Circular Baſe of the Cone, and its Height the Side 
of that Cone, call the Periphery c, and the Side of 


the Cone a, then will — expreſs the Area of the 


Convex Surface, and the Area of the Baſe will be 
= (by Art. 26. Book 4.) But there is no Doubt 


bur : : : 42 r. Wherefore, Ge. 

2 2 * 

70. A Circle whoſe Radius is equal to the Dia- 

meter of the Sphere, will have its Area equal to the 
Sphere s Surface, | 


Ler 
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Let the Radius of ſuch a Circle be 2 r, then its 
Diameter is 4r, and its Periphery will be 4 re, and 
by multiplying that by r = half of Radius, the A- 
rea is 4 r re. Let then the Radius of the Sphere be 
7, then will its Diameter be 27, and the Peri. 
phery of a great Circle 27 e, which being multipli- 
ed by the Radius r, makes 2r7e ; the halt of which 
is r e, the Area of a great Circle; but the Area of 
4 ſuch Circles is equal ro the Sphere's Surface (by 
Cor. V. p. 76.) that is, 47 re to the Sphere's 
Surface; which was above proved equal to the A- 
rea of the Circle, whoſe Radius was equal to the 


Sphere's Diameter. Wherefore, &c. 
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Of Incommenſurables. 


I/O N Leſſer Quantity is ſaid to meaſure a 
greater, when being taken a certain 
number of Times, it is exactly equal 
7 ay to the greater. J. gr. Suppoſe a Fa- 
thom to contain ſix Feet; then may 
_ one Foot be ſaid to meaſure] that Fa- 
thom, becauſe being taken or repeated fix times, ic 
will be exactly equal to the Fathom. | 
2. The Quantity which is thus a Meaſure to 2 
greater Quantity, is called a Part of that greater; 
and the greater Quantity is call'd the Multiple of the 
leſſer. So a Foot is the Part of a Fathom, and a 
Fathom js the Multiple of a Foot. £ 
3. If you rake the Quantity (of a common French 
Pace) which is two Foot * balf, and try with that 
| to 


- 7/ 
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to meaſure a Fathom, you cannot do it: Becauſe if 
you add that Pace only twice, it will make bur five 
Foot, which are leſs than the Fathom; and if you 
take it three times, it makes ſeven Foot and half 
which are more than the Fathom; ſo that this Quan. 
tity of two Foot and half cannot meaſure the Fa- 
thom, and therefore properly ſpeaking is not a Par: 
of it. But nevertheleſs they may be ſaid ro be Part. 
of the Fathom, becauſe this Quantity contains five 


half Feet; for an half Foot is a Part of a Fathom, 


becauſe being taken 12 times, it will juſt meaſure 
it; ſo therefore this Place contains Paris of the Fa- 
thom, becauſe it contains five half Feet, which ate 
-? that is five twelſths of a Fathom. 
4. When two Quantities are ſuch, that a third can 
be found which ſhall be an (Aliquot or Even) Part of 
both, that is, which ſhall meaſure them both exact- 
ly: Then thoſe Quantities are ſaid to be commen— 
ſurable: As for Inſtance, a Pace and a Fathom are 
two commenſurable Quantities, becauſe we can find 
a third Quantity, viz. half a Foot, which will mea- 
ſure them both; For if the balf Fcor be taken five 
times, it makes the Pace, and taken 12 times, it 
makes the Fathom. | 0 | 

5. But when it is not poſſible to find any third 
Quantity which can meaſure two others, then thoſe 


two Quantities are called Incommenſurables. 


6. Commenſurable Quantities are as Number to 
Number, that is, thoſe Quantities can be expteſſed 


by Numbers, ſo that as 9 to the other, 
ſo ſhall one Number be to the other. Thus a Line 


of fix Foot or a Fathom, and a Line of two Foot 


and a half, as a Pace, are ro one another as Number 


to Number. For half a Foot meaſuring them both, 


the latter by being taken 5 times, and the former by 


being taken 12 times; it's plain that one Line con- 


tains 5 half Feet, and the other 12, and therefore they 


axe as 5 to 12, or as Number to Number. 7. If 


EDEN * * 2 * + 2 * 7 75 5 
0 ? ; FG 7 
F * 
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J. If two Quantities are not as Number to Num- 
ber, that is, if it be impoſſible to expreſs their Mag- 
nitudes by two Numbers, they are Incommenſura- 
ble: As is plain from the laſt. 

8. We ought then to (ee whether there are in Re- 
ality any ſuch Quantities whole Magnitude cannot be 
expreſs'd by Numbers, and if there be any ſuch, we 
muſt ſay that there are Incommenſurable Duantities, 

9. A plane Number is that which may be produ- 

ced by the Multiplication of two Numbers one in- 
to another) v. g. 6 is a plane Number, becauſe it 
may be produced by the Multiplication of 3 by 2: 
For twice 3 makes 6: So alſo 15 is a plane Num- 
ber, ariſing from 5 being multiplied by 3; and 9 is 
a plane Number, produced by the Multiplication of 
3 by 3. | 
| - Thoſe Numbers which, being multiplied ene 
by another, do produce a plane Number, are called 
the Sides of that Plane, as 2 and 3 are the Sides of 
the Plane 6; and 3 and 5 are the Sides of 15. 

11. If we imagine Units to be little Squares, 
thoſe Squares may be formed into a Rectangle, if 
their Number be a Plane. V. gr. 12 Squares may be 
placed in the form of a Rectangle, one of whoſe 
Sides may be 6 and the other 2, and 48 will make a 
Rectangle whoſe two Sides may be 12 and 4. See 
the following Figures B and C. 3 

12. A ſquare Number is a Plane, whole Sides are 
equal ; as 4 arifing from the Multiplication of 2 by 
2; as 9, the Product of 3 by 3: And 16 made by 
4 multiplied by 4, &c. | : 

13. A ſquare Number may be ranged into the 
form of a Square, and that Number which can be 
ranged into the form of a Square, is a ſquare Num- 
ber, and that which cannot be ranged into the form 


of a Square, is not a ſquare Number. ; 
| K 2 14. Si- 
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14. Similar ow Numbers are thoſe which may 


be ranged into the Form of 
* ſimilar ReCtangles ; that is, 


into Rectangles, whoſe Sides 
B are proportional ; ſuch are 


1 5 and 48; Far the Sides 
Fl J. of 12 are 6 and 2 (See Ei 
A 4 B) and the Sides of 48 * 
12 and 4 (See Fig. C.) Bar 672: "14 2 4, and 
therefore thoſe Numbers are ſimilar. 
1 5. All ſquare Numbers are ſimilar Planes (6 32. ) 
16. Every Num- 
T2 ber may be placed 
I in the Form of a 
418 | Right Line, and in 
that Diſpc ſition may 
be taken for a Plane. 
Thus 3 (in Fig. A.) 
may be conceived as a Plane fimilar to 12 or B; For 
the Sides of the Plane 3, are 1 and 3. (becauſe once 
3 is 9) and the Sides of 12 are 2 and 6. \ But as 1: 
. 
{ 17. There are Numbers which are not ſimilar 
Planes: As if you examine from 1 to 10, you will 
find indeed that 1, 4, 9, being Squares are ſimilar, 
and fo are 2 and 8, which have one Side double-ro 
the other. Bur the reſt as 3, 5, 6, 7, are by no 
means ſimilar Planes. | 
17. If one ſquare Number be multiplied by an- 
Mer, the Product will be a third ſquare Number. 
Thus A 4, and B 9, being both 
4 Squares do, when multiplied into 
A one another, produce the Number 
36 or C: And 1 ſay that third Num- 
ber is a Square. For the Meaning 
of multiplying B by A, is take B 
as often as there are Units in A. 


But 


| 


C 
4 | 


1 
2 
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But I may conſider the whole Number B 9. as one 
only Square, and I can take that as often as there are 


Units or little Squares in A. And as the Units in 


A are ranged into a Square, ſo I can range the 
Square B as often into a iquare Form, juſt as if it 
were an Unit. $5 that there will be four ſuch 


Squares of B, which, being placed as you ſee in the 


Figure, will make the Square C or 36. 

19. If rwo Numbers are ſimilar Planes, the greater 
may be divided into as many Squares as there ate U- 
nits in the leffer. A, 3 and B, 

12. are ſimilar Planes; ſo that 6 

the Side 3. is to 6:: as the Side 1 
I. is to 2. Wheretore I can di- 2 772 5 
vide the hater 15 12 2 K ? 
Squares placed juſt in ſuch a T1: 
e as thoſe 3 litcleSquares ALL 
in the Plane A. And every one 


of the great Squares of B (hall anſwer to 4 of thoſe 


in A. So allo if the Planes 
had been 8 and 72; I can 
divide 72 into eight Squares = 


of which every one ſhall 
contain 9 of thole in the 
leſſer Plane 8. The ſame 
would come to pals alſo, if fe 
either one, or both the Numbers had been Fractions. 
As if A contain 3 and 5, and B14. I can divide 14 
into three Squares and half, diſpoſed juſt like thoſe 


in A. as may be ſeen by the Partitions in che Figure, 


and by the half Square added in prick'd Lines 
In like Manner if the Planes were B 12, and D 27, 
[ can divide 27, not only into three Squares, diſpoſed 
after the ſame Manner as thole in A: Bur allo into 
12 Squares, ſo ranged as thoſe in B, as the prick d 
Lines in the Figure D do ſhew. The Way to do which 
is to divide the Sides of the greater Plane into as ma- 


dy Parts as the homologous Sides of the leſſer Plane 
* ae 


* e 
BY Y 8 9. 
2 I, 
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are divided into; the Figure ſhews the thing, and 
makes it eaſie. 5 
20. Thoſe plain Numbers which can be ſo divi- 
ded as that there are as many Squares in the greater 
Plane, as there are Units in the leſſer, are ſimilar; 
Chis is the Converſe of the former. 
21. Two fimilar plane Numbers, multiplied one 
into another, do produce a Square. For having di- 
vided the greater Plane into as many Squares as there 
are Units in the lefſer (7. 19.) One Plane will be 
multiplied by the other, if the greater Squares of the 
greater Plane be taken as often as there are Units or 
little Squares in the leſſer Plane: But to multiply 
any Number of Squares, by the ſame Number, is 
th make one Square out of all thoſe Squares. 
For Inftance, A 3. and B 27. being ſimilar Planes, 
J confider B. 27. as a Plane compos d of three great 
Squares, as A 3. is a Plane compos'd of three Units, 
or three little Squares. So that if I rake all theſe three 
great Squares, as often as there are Units in A, that 
is three times; I produce then three times three ſuch 
gteat Squares as are in B, that is, 9 ſuch Squares; of 
which every one contains 9 of thoſe in A, and all 
theſe 9 Squares of B contain $1 of thoſe of A; ſo 
that A 3. multiply ing B 27. produces 81. which is a 
| Number of the leſſer Squares rang'd 
into a {ſquare Figure; and by conſe- 
B 273A. querce a ſquare Number (7. 13.) In 
by like Manner if the Planes were B. 12. 
=T:[:19 and D. 27. I divide 27 into 12 
edit Squaies, which I multiply by 12. 
ed £911 and there are produced 144 greater 
PO Squares rang'd in the Form of a 


Square, which do contain in all 324 


of thoſe of the lefſcr Plane. (N. B. To divide 27 in- 


4% 12 Squares, each Square muſt be 2. 25. (or two and 
4. Quarter] as you may ſes it is in the Figure D. N“ 9 
=. „ 1 13.3 


— 


N 
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22, If rwo Plane Numbers are fimilar, after what 

Form ſoe ver you range one, ſihe ot her alſo may be ſo 
diſpoſed. Let 3 and 12 be ſimilar Planes. If 12 
be ſo rang'd in a Right Line that will make a Reck- 
angle, one of whole Sides ſhall be 12, and the other 
1. I fay that 3 may be ſo diſpoſed as to make a ſi- 
milar Rectangle, one of whole Sides will be 6, and 
the other the half of one, c. | 

23. If one Number divide another that is a ſquare 
one, a third ſhall be produced which will be a Plane 
ſimilar to the Divitor, 2 | 

Leet there be a Square ac 16, and let it be divided 
by any Number, as ſuppoſe by 8, which is done if 
you rake the eighth Part of the Side + 


ad, viz. ae, and thro' e draw the ea I. 
Parallel ef: For by that means you fo 
will have the Plane af, which will 
be the eighth Part of the Square ac. 4 — 


But to divide a Number or a Plane 
by 8, is to take the eighth Part of 
that Number or Plane. 

I (ay the Plane 47 is ſimilar to 8; for 8 being rang= 
ed into a Right Line, ſo as to make a Rectangle, one 
of whole Sides ſhall be 8, and the other 1, ſhall be ſi- 
milar to ir, becauſe ae was taken the eighth Part of 
ad or ab: Wherefore as 8: :: (which are the Sides 
of the Plane 8 the Diviſor) ſo ſhall ab : ae (which are 
the Sides of the Plane of the Quotient ariſing when the 
Square ac was divided by 8.) Therefore if one Num- 
ber divide another that is a Square, c. Q. E. D. 

24. If two Planes multiplying one another do 
produce a Square, whoſe Planes are ſimilar. 

25. Two Plane Numbers which are not ſimilar, 
if they are multiplied into one another, cannot pro- 
duce a Square. Theſe two Propofitions are Con. 


ſectaries from the foregoing ones. 
K 4 28. If | 
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26. If two Numbers are ſimilar Planes, their Equi- 
multiples and any of their (reſpeAively) equal Parts, 
are alſo ſimilar Planes. Let the Planes be a b cd. 3. 
and ABCD. 12. ſo thatab: AB:: bes BC. 1 
ſay, if you take the double of the one, and the dou- 
ble of the other (or any other Equi-multiple, be it 
What you pleaſe) thoſe Doubles ihall be fimilar. 
For baving taken ae double to ad, and A E dou. 

ble to A D: in order to 
make the Plane b e dor- 
B a b 


1 ble ro bd, and BE 
8 
A double to BD : 'Tis 
D! — . : 0; wines 1 clear that 4 4: A D 2 5 
: : ac: AE. But 4d: AD 
3 28 b . A B. Wherefore 


| alloae:AE::ab:AB, 
And conſequently the Planes be and BE are ſi- 
milar. 
'Twould be the ſame thing had you taken their 
Halves b 0 and BO, or any other equal Parts of each. 
27. If two Numbers are not ſimilar Planes, their 
Equi multiples, and all their (reſpe&ively) equal Paris 
will alſo be not ſimilar, which follows from the laft. 
28. Between any two fimilar plane Numbers 
whatſoever, there is to be found a mean Proportio- 
nal. Let the two Numbers be 2 and 8, I ſay it is 
poſſible th find a Namber which ſhall be a mean Pro- 
portional between them. For if we imagine the 
Plane 8 to be ranged in a Right Line AB, and the 
Plane 2, alſo be ranged in another Rigbt Line, as 
A D, and that out of thoſe two Right Lines there be 
A 8 formed the Plane A C, 16. 
1 That Plane A C, 16. will be 
11 produced by the Multiplication 
_—_— —c Of the two Numbers 2 ard 8 
(6. 17, and the following Pro- 
poſit ions) and conſequently the Number of the li- 
84 1 | tle 
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tle Squares of the whole Plane AC: 16, ſhall be a 
ſquare Number (7. 21.) and they „ b 
may be ranged into the Form of a %— 

Square (7. 13.) Let them then be | 
diſpoſed into the Square ac. So ſhall 
the Square ac be equal to the Plane 
A C, tor tis only the ſame Number d t 
diſpos'd or rang'd after another Manner. Wherefore 
(6. 59.) the Side a b 4 ſhall be a mean Proportional 
between AD2, and AB 8. | 
29. Between two Numbers nor-fimilar a mean 
Preportional can't be found. Ler the Numbers be 
4, and 6. Range each of them into a Right Line, and 
multiply them, they will produce the Plane 24. But 
this Plane 24 is not a ſquare Number (7. 25.) and 
conſequently cannot be ranged into a ſquare Form. 


Wberefore tis impoſſible to have any Mean between 


4, and 6. For ſuch a pretended mean Pre portional 
muſt, multiplied by it felf, produce a Square, which 
(as hath been prov'd elſewhere) will be equal to the 
Plane made between 4, and 6. (6. 59.) which is im- 
poſſible, becauſe this Plane 24, made out of 4 and 
6, is not a ſquare Number. ES 
30. Let there be two Lines ae and ec, ſo to one 
another, as one Number to another 5 


non-ſimilar. V. gr. as 1. to 2. Let al- : 
ſo eb bz a mean Proportional, ſo that |; | 
ac:eb;iebrec. I ſay, that eb is 0 
mcommenſurable with the two Ex- A 
treams ae and ec, For ae and ec, 

being as i to 2, (i. e.) as Numbers | 
non- ſimilar (by the Suppoſition) as alſo are all their 
Equimultiples (7. 27.) tis impoſſible to find a mean 
Proportional between ae and ec (by the Precedent) 
and conſequently e cannot be to à e, or to ec, as 
Number to Number, Wherefote it is incommen- 


ſurable with them. 
i TO 31. The 


| 
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31, The Diameter of a 1 ab is Incommen- 
a ſurable to the Side a c. For taking a d 

e p double to ac, and making the Tri- 

| angle b d, ir ſhall be ſimilar to the 
aN. d Triangle a be ; becauſe ed being e- 
„ qual ro cb, the Angle 4 is equal to 

+ bd. (2. 15.) and the Angle d muſt 
| be a Semi- rigbt one as well as c a b; 
wherefore a b d is a right Angle; and conſequently 
4 c :4 b:: b: a d. That is, ab is a mean — 4 
tional between ac 1, anda d 2, and therefore Incom- 


menſurable (by the Precedent.) 
COROLLARY. 


Hence "tis impoſſible to expreſs one Square 
that ſhall be Double of another in rational 


Numbers. 


32. The Power of a Line is the Square which is 
made upon ir. Thus the Power of the Line ac (Fig. 
' preced.) is the Square ae be; and the Power of the 
Line 4b is the Square abdf. And we ſay that 
Line 46 is double in Power (in Latin bis poteſt) to 
the Line 4 c, which is a manner of ſpeaking borrow- 
ed from the Greeks, and generally receiv'd amongft 
Geometers. ORF . 

33. The Diameter a b is Commenſurable in Power 
to the Side 4c : Thar is, its Square 4 6 df is Com- 
menſurable to the Square @e bc, for tis indeed 


double to it. | 


34+ But 


34. But if you take 2 0, a mean Proportional be- 
_ rween ab and ac, that mean ao ſhall be Incommenſu- 

rable to them even in Power; i. e. the Square of a0 is 
Incommen(ſurable to the Square of ab, or 
to the Square of 4 e, for the Square of ac a — 0 
to the Square of à b, is in a Duplicate Ratio . 
of ac to ao (6.22); that is, as ac to ab (6. 30.) 
Bur ac is Incommenſurable ro a b (7. 31.) where- 
fore the Square of 40 is Incommenſurable to the 
Square of 40. 

35. There is a Second Power of a Line which is 
called the Cube, which is made by multiply ing the - 
Square by that firſt Line, or Root. 

36. If rwo mean Proportionals an and am be 
taken betwen ac and 46; ſo that ac | 
an:: am, ab; the Line 45 will be In- a — 1 
commenſurable i in this ſecond Power ro 4 — mM 
ac (i. e.) The Cube of a c will be In- 
commenſurable to the Cube of an, becauſe the Cube 
of 4c to the Cube of az is in 2 Triplicate Ratio of 
the Side ac, to the Side an; i. e. as ac to ab. But 
ac and a b are Incommenſurable, wherefore, Ge. 
However ac and ab are Commenſurable in the ſe- 
cond Power, for the Cube of ab is double to the 
Cube of ac. 

37. Tis eaſy to apply to Solid Nabbers what bath 
here been ſaid of Plane ones: And thoſe are called 
Folid Numbers, which ariſe from the Multiplication 

of a Plane Number by any other whatſoever. V. 
18. is a ſolid Number made of 6 (which is a Plane) 
multiplied by 3; or of 9 multiplied by 2. 

33. Similar Solid Numbers are thoſe, whole little 
Cubes may be ſo ranged, as to make fimilar and 
rectangular Parallelopipeds. 

39. Cubick Numbers ate ſuch as can be ranged into 
the Form of Cubes as 8. or 27, whoſe Sides are 2 and 
3, and their Baſes 4 and 9. 5 

40. Every 
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out ſome Method of diſcovering proper Numbers to 
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40. Every cubick Number, multiplying another 


cubick Number, produces a third cubick Number. 


41. Between two ſimilar ſolid Numbers there may 
be found two mean Preportionals. 

That which, hath been demonſtrated, in reſpect to 
Plane Numbers, may be applied to Solids. 

42. Theſe Demonſtrations by which tis proved 
that there are incommenſurable Lines and Magni- 
tudes ſhew allo that a Continuum is not compos d of 
finite Points: For if the Diameter as well as the 
Side of a Square were compos'd of finite Points, a 
Point would meaſure both the Side and the Diame- 
ter, for at Point would be found a certain Number 
of Times in the Side, and another determinate 
Number of Times in the Diameter, which the pre- 
ceding Propoſit ions prove impoſſible. 

443. Becauſe in a Rectangle Triangle the Square 
of the Hypothenuſe is equal to the Sum of the 
Squares of the Legs; (6. 61.) we have always uſed 
this Triangle for theDiſcovery of Incommenſurables. 
For if all the three Sides are commenſurable, they 
may all three be expreſs'd by three Numbers, and 
then the Square of the greateſt Number will be equal 
ro the Sum of the Squares of the other two. As if 
the greateſt Side or Hypothenuſe be 5 Feet, the leaſt 
Side 3, and the middle one 4 : The Square of 5 
will be 25, the Square of 3, 9, and the Square of 4 
will be 16: And 9 and 16 added together do make _ 
the great Square 25. But if the leaſt Side of ſuch a 
Triangle be 2, and the middle one 3, then the great- 
eſt Side cannot be exprels'd in Numbers, becauſe the 

aare of the leaſt Side 4, added to the Square of the 
middle Side 9, makes 13, which expreſs the Square 
of che greateſt Side. Bur as that Number 13 is not 
a ſquare Number, ſo its Side or Root cannot be ex- 


prels'd by any Number. 


44. At all times Men have been ſollicitous to find 


ex. 
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expreſs the three Sides of a Rectangle Triangle, ſo 


az to be aſſured that all the three Sides are Commen- 


ſurable. Therefore I here ſhew you ſuch a Method, 
by which you may find out all the poſſible Num- 
bers thar are proper for this Purpoſe. 5 
45. If you take any two Numbers (even Unity it 
ſelf) differing hut by an Unit. and add the Squares 
of them together, the Sum will be a Number which 
ſtall be the Root of a Square equal to two Squares; 
And that Number will expreſs the greateſt Side of a 
Rectangle Triangle, whole middle Side ſhall be that 
Number lefſen'd by Unity, and the leaſt Side (hall be 
the Sum of the two firſt Numbers. J. gr. Having 
taken 1 and 2, and ſquared each of them, you have 1 
and 4; Add thoſe two Squares together, and the 
Sam is 5. I ſay 5 will expreſs the grrateſt Side, and 
then 4 Will be the middle one, and 3 the leaſt; and 25 
the Square of the Hy potbenuſe, will be equal to the 
Sum of the other two Squares. In like manner if 
you take 2 and 3, and add the Squares 4 and 9 to- 
gether, the Sum is 13. Then I ſay, will 13, 12 and 
5 be ihree Sides of a Rectangle Triangle; ſo that 
169, the Square of 13, ſhall be equal to 144, and 
25, the Squares of 12 and 5. Moreover it you take 
3 and 4; The Sum of their Squares 9 and 16, 
makes 25, wherefore I ſay 25 way be the greateſt 
Side of a Rectangle Triangle, whereof 24 will be 
the middle Side, and 7 the leaſt Side. „ 
It muſt be obſerv d alſo, that the Equimultiples of 
any 3 Numbers thus found will do the ſame thing: 
Thus, having found 5, 4 and 3, their doubles 10, 8 
and 6, will repreſent the three Sides of a Rectangle 
Triangle, ſo that 1 oo, the Square of 10, ſhall be equal 
to the Sum of 64, and 36 the two Squares of 8 and 
6. And their Triples alſo 15, 12 and 9, will do 
the ſame thing: For any one may ſee that all theſe 
Numbers, ſtill having the ſame Proportion, do as it 
Tn were 
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were conſtitute but one only Triangle, viz. that 
which is expreſs'd by 5, 4, and 3. And therefore all 
thoſe Numbers may be taken for the ſame. 


N. B. The three Sides of 2 Rectangled Triangle will 
then only be commenſurable, when they are in 
this Proportion, viz. aaa +ee, aa—ee, 
and 2 a c. That is, the Sum of two Square Num- 

bers, the Difference of their Squares, and the 


double Reftangle of their Roots. 


it 
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finite ly, but not diminiſhed. 
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GEOMETRY. 


BOOK VIII 


* 
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Of Progreſſions and Logarithms. 


Voereſſin is a Series or Rank of 
N INT a SR | 
TA Quantities which keep between 
= pg one another any kind of fmilar 
A Relation or Proportion; and eve- 
iy one of the Quantities is called 
3 Tem. | | 
2. When the Terms which ſo follow one another 
do equally increaſe or decreaſe, the Progreſſion is 
called Arithmetical; as are all Numbers proceeding 
according to the natural Order of the Figures, as 1, 
2, 3, 4, 5, 6, Se. As alſo all odd Numbers, as 1, 3, 
5, 7, 9, 11, Cc. or as 4, 8, 12, 16. or as 20, 15, 10, 


ard the hike. ZIP 
3. Arithmetical Progreſſion may be increaſed in- 


1 


$ 6 R Nn FA 8 
8 a — - 2 2 2 
. 
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4. If in an Arithmetical Progreſſion there be four 
Terms, the D fference between the two firſt of which 
is equal ro the D:ft-rence between the other two, 
thoſe four Terms are ſaid to be Arithmetically Pro- 
portional : As in the Progreſſion of he natural Num- 
bers, 1,2, 3. 4, 5. 6, 7, 8, 9. Cc. If you take four as 
23; 3:2 9, lo, (Ihis Mark ::: I Hall for the future 
uſe to fipnifie Acithmetical Proporticn) there will be the 
ſame Arichmerical Proportion between 2 and 3, as 
there is between 9 and 10; that is, 10 exceeds 9, 
as much as 3 doth 2: So alſo 3: 5: :: 8: 10, are 
in Arüthmetical Proportion; and jo are 1: 5::: 5:9, 
where & being taken twice, is an Arithmetical mean 
Proportional between 1 ard 9. 

5. In Arichmerical Proportion the Aggregate or 
Sum of two Extreams is equal ro the Aggregate of 
the two Means, a$in2:3:::9: fo. the Sum of 
2 and 1o is equal ro the Sum of 3 and 9, that is 12; 
ſo alſo in 3: 5: :: 8: 10. The Aggregate of 3 and 
IO is 13. Which is equal to the Aggregate of 5 and 8. 
And the Reaſon of this is ſel - evident. For tho' 10 ex- 
oeeds 8, yet that which is added to 8, (viz. 5.) doth 
Juſt as much exceed 3, which is added to io, and ſo 
there neceſſatily ariſes an Equality between them. 

6. The Sum of the firſt and laſt Terms in any 
Arithmetical Proportion, is equal to the Sum of the 
ſecond and the laſt ſave one; or to the Sum of the 
third from the firſt Term, added to the third, accounted 
backward from the laſt, &c. as in the firſt Example, 
1 and 9 make 10, and ſo do 2 and 8, 3 and 7, or 
s and 4 always make 10. And in the middle re- 
mains 5, which being taken twice (as if it were equi- 
valent to the Terms, becauſe tis equally diſtant 
from the firſt and laſt Term) makes allo 10. 

7. If you add the firſt Term to the laſt, and mul- 
tiply that Sum by half the Number of the Terms, 


the Product thall be equal ro the Aggregace or _ 
0 


— 
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of all the Terms. As in the former Example, 1 ad- 


ded to 9, makes 10, and 10 multiplied by 42 (or 
4, 5) for there are 9 Terms, produces 45, which is 


the Sum of all the Terms from 1rog. As is mani. 


feſt from the Precedent. | 

3. When the Terms of the Progreſſion are conti- 
nual Proportionals; that is, when the firſt is ro the 
ſecond, as that is to the third Term, as the third is 
to the fourth, and as the fourth is to the fifth, Sec. 
then the Progreſſion is call'd Geometrical, as 1, 2, 4, 8, 
16, 32:: ; Or as 1, 3, 9, 27, $1 :: or again, as 3; 
12,48, 192.768, or deſcending, as 8, 4, 2, 1::;.0r 
laſtly as 2, 4, +5. f ga. Ge. i 

9 Geometrical Progreſſion may be encreas'd and 
diminiſh'd infinitely, 

10, When the Progreſſion begins with 1, the ſe- 
cond Term is call'd the Root, Side or firſt Power; 
the third is call'd the Square or ſecond Power; the 
fourth, the Cube or third Power; the fifth, the Biqua- 
drate or fourth Power; the jixth, the Sur. ſolid or fifth 


Power; the ſeventh the Quadrato.- Cube or ſixth Power, 


&c. 
11. If (in. ſuch a Progreſſion) you take four Terms, 
the former two of which are as much diſtant from 
each other, as the two latter are: Thoſe are ſimply 
Proportional, and the Rectangle of their Extreams 
is equal tu that of their two middle Terms. | 

12. Let the Quantity AB be ſo divided in C, D. 


E and F, Sc. that AB: AC:: AC: AD;: AD: | 
AE, &c. Then I ſay, BC: CD: DE: EF, Sc. are 


in continual Geometrical Proportion; and alſo that 
AB: AC: : BC: CD:: CD: DE, Sc. for be- 


cauſe AB: AC:: AC : AD, it will follow by Divi- 


fion of Proportion, that AB : leſs AC : (thar is CB :) 
AC:: as AC leſs AD: (chat is DC) AD, and con- 
ſequently alternately CB: CD:: AC: AD, or as 


AB: AC, and ſo of all others it may be proved: : DC: 
ED:: EF: : GF, Se. ho 13. Lec 
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13. Let there be a Progreſſion of Quantities in a 
A Right-line BC, CD, DE, EF, &c. let C4 
GT be equal to the ſecond Term CD, that ſo 
| we may have Bd the Difference between the 
| firſt and ſecond Terms: And let it be made 
as Bd: BC::BC, to a fourth Line, viz. 
FA... ſay, that if the Number of the Terms 
D. BC: CD: DE, Sc. be finite, tho' never 
ue” great, all thoſe Terms taken together, al- 
though there be an hundred thouſand Milli- 
ons of them, ſhall be leſs than B A. But if 
we ſuppoſe the Progreſſion infinite, or that 
the Terms are infinitely many, then ſhall all 
disc of them taken together be exactly equal to 
BA. For fince by the Suppoſition B d, (that is 
4 BCleſs C4or CD) is to BC: : BC, (that 
B-- js ABleſs AC) AB, it may eaſily be found 
that as BC: CD:: AB: AC:: AC: AD, 
Oc. and conſequently all the Terms CD, DE, E F, 
c. will always be found within, or be hither the 
Point A: To which it approaches the nearer, the 
more the Number of the Terms is increas'd.So that 
we ſee plainly, that all theſe Terms (which in Books 
are uſually call'd Parts Proportional) tho' they be 
actually infinite, cannot make an infinite Length, be- 
cauſe they will be all included within the Line BA. 
14. This Demonſtration will appear much more 
eaſie and ſenſible by the Example of a particular 
Progreſſion, where the Terms are in a double Ratio 
v. gr. Let CB be double to DC, and DC double to 
DE, Sc. For if the Number of the Terms be here 
finite, tho' it be an hundred thouſand Millions, and 
you take the laft and leaft Term, for Example FE, 
and add to it another Quantity, as ſuppoſe AF, e- 
qual to it: It is then plain, that E A muſt be equal 
ro the Term E D, which is the laſt fave one ; For 
E is double EF by the Suppoſition (the wk 
. | | 4 | | eing 
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being every where double) and EA is alſo double to 
EF by the Conſtruction, it having been made ſo, by 
taking FA equal EF. In like manner A E with 


DE, that is AD, ſhall be equal to the following 


Term CD, and at laſt A C will be equal to BC. 
So that from hence ir appears, that the firſt or great= 
eſt Term is always equal to all the others taken to- 
gether, provided there be added to them but a Quan- 
tity equal to the laſt and leaſt Term; but if nothing 
be added, the firſt Term is always greater than the 
Sum of them all. | 1 

If theſe Terms are ſuppos'd to be actually infinite, 
then the greateſt BC will be exactly equal to all thoſe 
infinite others taken together CD, DE, EF, Sc. For 


any one may eaſily diſcern, that the more there are 


of ſuch Terms, the more you approach towards A. 


by cutting off till the half of the Remainder : But 


when any Quantity is thus leſſen'd by half, and the 
Remainder again by half, and then the half of that 
third Remainder taken, and ſo on: Tis plain, that 
by ſuppoſing the Diminution to be made an infinite 
number of Times, nothing at laſt will remain. 
This alſo might be demonſtrated by a Reduction ad 
Impoſſibile, by ſhewing that all thoſe infinite Terms, 
taken together, are neither greater nor leſs than 
AB. 8 2 
15. Hence may the Difficulties raiſed by the 
Schoolmen againſt the (Infinite) Diviſibility of a 
Continuum be ſolved, tho' to Perſons ignorant of 


Geometry they appear unſolvible : But indeed ar 


the Bottom they are nothing but meer Paralogiſms. 
16. If two Progreſſions are ſuppoſed, one Geome- 
trical beginning with 1, and the other Arithmetical 


beginning with o, ſo that the Terms in one ſhall be 


placed over, and anſwer reſpectively to thoſe in the 
| | L 2 | other; 
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other; The Arithmetical ones are called Logarithms, 
Exponents, (or Indexes) as in the following Ranks. 


Rey. 1. 3. . 
I. 2. 4. 8. 16. 32. 64. 128. 256, 


17. That which is produced in a Geometrical Pro- 


greſſion by Multiplication and Diviſion, is effected 


in the Logarithms by Addition and Subtraction : As, 
if having three Numbers given; 2:8:: 64; You 
would find a fourth Proportional to them in Geome- 
trical Progreſſion: You muſt multiply 64, by 8, 
(which are the two middle Terms). For the Product 
512 ſhall be equal ro the Product wade by 2, and 
the fourth Number ſought, they being the two Ex- 
treams of four Proportionals. And to find this fourth 
Number, you need only divide 512 by 2, and the 
Quotient will be 256. So that 2:8: : 64: 256, and 
64 and 2 56 will be juſt as far diſtant from one anc- 


ther in the Order of the Progreſſion, as 2 and 8 are. 


But if inſtead of the Geometrical Numbers 2: 8 :: 
64, you had uſed their Logarithms 1: 3: : 6, which 
anſwer to them in th. ogreſſion, and were minded 
to find a fourth Logarithm, then you muſt have ad. 
ded 3 and 6, which makes 9, and from thence have 
ſubtracted 1, there would remain 8. The Loga- 
rithm anſwering to the Geometrick Number 256. 

18. So alſo, if there be two Geometrick Numbers 


4 and 8, to which the Logarithms 2 and 3do anſwer; 


by multiply ing 4 by 8, you produce 32; the Num- 
ber under the Logzrithm 5, which is the Sum of 
the Logarithms of 2 and 3. | 
19. In like manner by multiplying 16 by it ſelf, 
there will be produced 256, which ſtands under the 
Logarithm of 8, the Sum of 4 added to it ſelf. 


20. So 
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20. $9 if the Geometrical Number were required 
that ſhall anſwer to, or ſtand under, the Logarithm 
16, you muſt take 256, which ſtands under 8, and 
multiply it by it ſelf, and ic will produce 65536, 
the Number required. E 

21. If moreover the Geometrical Number an- 
{weriog to the Logarithm 23 were requir'd, you may 
take any two Logarithms, whoſe Sum is 23, as ſup- 
poſe 7 and 16, and multiplying the Geometrical 
Number under them, viz. 128 and 65536 one by 
another, the Product will be 8388608. The Num- 
ber which oughr to ſtand under the Logarithm 23, 
or in the 23d Place of a Series of Geometrical Pro- 
portionals, beginning from rt. | 

22. From hence appears the Way of anſwering 
that ordinary Queſtion, how much a Horſe would 
coſt. if bought on this Condition: Thar for the 
firſt Nail in his Shoe a Farthing were to be paid, for 
the ſecond Nail two Farthings, for the third Nail 
four Farthings, for the fourth Nail eight Farthings, 
and ſo on, ſtill doubling for 24 times: For the 23d 
Place in ſuch a Progreſſion would be the laſt Num- 
ber 8388608 Farthings, which, being reduced, is 
8738 J. 25. 8 d. and being doubled accordipg to (8. 
14.) gives the whole Price of the Hozle 17476 J. 
54. 44. ; | 2 25 

23. Where two compleat Progreſſions are fitted fo 
as to anſwer one to another, the Geometrical to the 
Arithmetical; as ſuppoſe in Tables for that purpoſe 
calculated in Books, there abundance of Pains and 
Labour is ſpared, in finding the Geometrical Num. 
bers: For Inſtance, let thoſe three Numbers 32, 64, 
128 be given, and that a fourth Proportional were 
required: Inſtead of multiplying 64 by 128, and 
dividing the Product by 32 (Which Way is very tedi- 
ons in great Numbers): you need only take the Lo- 
garithms of the three given Numbers, viz. 32, 64, 
| L'3 1283 
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128. and adding the 2d and 3d together, from their 
Sum ſubrract the firſt, the Difference will be the 
Logarithm of the correſponding Geometrick Num- 
ber 256. | | 
24. But becauſe in ſuch a Geometrical Progreſſion 
all Numbers will not be found, this Medium bath 
been diſcovered ; they have calculated two Progreſ- 
ſions, one of which contains all Numbers 1. 2, 3, 4, 
5, 6, 7, 8, Sc. which ſeems to be an Arichmetical 
Progreſſion, but yet hath in reality the Properties 
of a Geometrical one. And the other which con- 
tains Numbers in Appearance the moſt irregular, is 
nevertheleſs a true Arithmetical Progreſſion. See 
here a Line, which will diſcover perfectly all theſe 
Myſteries, 1 | | 


25. Let 


25. Let the Right-line A E be divided into the 
equal Parts AB, BC, CD, DE, &c. from the 


Points A, B, C, D, E, Sc. let the Lines Aa, B b, 


Cc, Dad, and Ee, be drawn all (p:rpendicular to 
AE, and conſequently) parallel to one another: And 
ler them be all in a Geometrical Progreſſion: As let 
Aa be 1, Bb 10, Ce 100, Dd 1000, 5 


Ee 10000, Ec. Then ſhall we have two Progreſſi- 


ons of Lines, the one Arithmetical, and the other 
Geometrical : For the Lines AB, AC, AD, AE, are 
in Arithmetical Progreſſion, or as 1, 2, 3, 4, 5, Ge. 
and ſo do repreſent the Logarithms; to which the 
Geometrical Lines Aa, B, Cc, Ce. do corre- 


ſpond. | 


Tis 26. I. 
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26. Let each of the equal Parts ED, DC, CB, 
Se. be divided equally again in F, G. H, and let the 
Parallels FF, G g, Cc. be drawn, and be mean Pro- 

ortionals between the Collateral ones; that is, Ee: 

F:: Ff: Dd: : Dd: Gg. Let there allo be more 

mean Proportionals. drawn from the middle of each 

Sub diviſion EF, FD, DG, and ſo on, till theſe 
Parallel Lines growing very numerous, have at laſt 
bur a very ſmall Diſtance from each other ; then 
imagine aCurve Line drawn thro' all the Extremities 
of theſe Parallels as eonufdgha: By this Means 
you will gain a Line, whote Properties are very cor- 
fiderable, and its Uſes equally great, as ſhall be 
ſhewn in its proper Place. LE, 

27. If this Figure were drawn on a very large 
Table, and with a requiſite Exactneſs; each Part 
AB, BC, Sc. might be divided not only into an 
100, or 1000, but even into 10000, looo equal 
Parts and more. So that A B being 1000080, AC 
would be 2000000, A D 3000000, Oc. as muſt al- 
ways be an Arithmetical Progreſſion. ö | 

28. The Line Ee being ſuppoſed to contain 1000 
Parts, let us imagine thro' each of thoſe Diviſions 

2 Parallel to be drawn to the Line A E, cutting the 
Curve in ſo many Points, v. gr. Let the Line 7 
be drawn thro the Diviſion 9900 of the Line Ee and 
which cuts the Curve in the Point o. Let there be 
alſo ſuppoſed the Parallel (to Ee) Oo, cuiting the 
Line AE in the Diviſion 399563. Then any one 
may know that 399563 is the Logarithm of rhe 
Number 90000. In like manner if Su paſſed thro” 
the Diviſion ooo of the Line Ee, and the Line u 
were drawn cutting AE in 395424, then would that 
Line a be the Logarithm of gooo, &c. 
209. So that by this means a Table of Logarithms 
from 1 ro 10,000 may eaſily be made; and farther, 
by producing the Line A E, | 
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30. Note, to obtain all the Logarithms from 1 c(0 


10000 ; 'twil] be enough to ſeek the Logaritbhms 
from 1000 to 10000: That is (having drawn the Pa- 


rallel dz; ro rake the Logarithms of all the Divifions 3 


from : to e, which Logarithms are all contained be- 
tween E and D. For by this you will bave the Le- 
garithms of all the Parts that are between rand E; 
and whoſe Logarithms lie between D and A: For 
Example, ſince Oo is 9900 Parts, and its Logarichm 
399563, the ſame Number may be taken for the Le- 
garithm of 990, which is N; as allo of the Num- 
ber Y 99, changing only the firſt Figure 3 Becaule, 
according to the Compoſition of this Line, ON or 
N Y ought to be equal ro E D or DC, as one may 
eaſily prove. So thar ON or NY will contain 
100,000; and becauie AO is 399563, ſubtracting. 
ON 100,000, there will remain 299563, for AN, 
from whence alſo raking 100,000, there will reſt 
199563 for AY. And after the ſame manner, ha- 
ving AY 3995424 for the Logarithm of Vu which 
is 9000; you may have allo 095424 for the Loga- 
rithm of X x which is 9. Or 195424 for the Loga- 
rithm of go, or 29524 for the Logarithm of 900. 
31. All this may be reduced to Practice for Cal- 
culation, without actually drawing theſe Figures, 
but only imagining them to be drawn. For by the 
Rules of Common Arithmetick we may find out FF, 
the mean Proportional between Dd and Ee, and after 
that, another Mean between D d and FF, or be- 
wen Ff and Ee, Sc. But what we have here ex- 
plained is ſufficient to gain as much Knowledge as is 
neceſſary for us to have of the Nature and Compo- 
firion of Logarithms: There being no Need for us to 
undergo the Labour of calculating Tables of Loga- 
rithms; ſince tis already fo well and fo oſten done 
to our Hands. God, for the Publick Good, having 
raiſed ſome Perſons, whom he has pleaſed ro endow 


wich (officient Patience to ſurmonnt ſo redious and 


J laborious 
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N laborious a Work, as one would think to be inſu- 

perable. For we know that above 20 Men were en- 

Za ged in ſuch a Calculation, for above 20 Years to- 
gether, with indefatigable Induſtry and Aſſiduity. 

([ Pardie ſpeaks here a little Covertly, ſeeming willing 

to inſinuate that this moſt uſeful and admirable Work 

was done firſt in his own Country, whereas the Loga- 

rithms were the Invention of my Lord Neper a Scotch 

Baron, and the firſt Tables were calculated by him with 

the Aſſiſtance of our Countryman, Mr. Henry Briggs.) 

Of late ſeveral Improvements have been made in this 

Matter: As by Nicholas Mercator, of which ſee Dr. 

Fallis's Thoughts, in Philoſoph. Tranſact. 38. John 

1 Gregory hath given us a Way to find Logarithms to 25 
| Places by help of the Hyperbola, But Doctor Halley, 
4 in Philoſ. Tranſact. N* 216. ſhews a Way from the 
| bare Conſideration of Numbers, and withall by the Help 
of Mr. Newton's Vay to find the Unciæ of the Num- 
ö bers of a Binomial Power, &c. By which you may find 
[ compendiouſiy the Logarithms of all Numbers to above 
or 30 Places. 7 he gives there ſeveral Series for this 
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Purpoſe, ſome univerſal, and ſome appropriate Fi 8 
peculiar fort of Logarithms, | | 
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GEOMETRY. 


BOOK IX. 


Poa, apo 


Problems or Practical Geometry. 


\ 


HAT Propoſition is called a Problem 
in (Geometry) Which teaches us how 
tro do any Thing, and demonſtrates 
== ES alſo the Practice of it: Whereas Theo- 
Nirems are ſpeculative Propoſitions, in 
which are conſidered the Affections and 

Propecia of Things already done. 


2. To 
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2. To divide a Circle into four and into fix. and all 


Arks into two equal Parts, To divide it into four, 


n ad * 
Y Et & 3 — 
: # wn # i 
E 
4 * * 
7 9 


draw two Lines as da c and Bac 
at Right Angles to each other. To 
divide it into eight Parts; biſſect 
the four Arks Be, ce, Sc. which 
is done by ſtriking (without the 
Ark Be) two other Arks, with the 
ſame opening from the Points B, 
and C, for if a Line be drawn 
from the Point where thoſe Arks croſs each other, to 
the Center a, it ſhall biſſect the Ark BC. The like 
is to be done for the other Arks. 

To divide a Circle into ſix equal Parts; you need 
only take the Length of the Radius; and applying it 
ſix times about the Circle, it will exactly divide the 
Circumference into ſix equal Parts, and thus by a 
new Biſſection, may a Circle be divided into 12, 
24, 48, or into any Number of equal Parts, Sc. 

3. To divide a Circle into five, into fifteen, and into 
ohter equal Parts, This may be done thus; (as I 
demonſtrate in Algebra) Make a Rectangled Trian- 
gle, one of whole Legs ſhall be the Radius of the 
Circle, and the other half the Radius, From the 
Hypothenuſe of this Triangle, take half the Radius, 
the Remainder ſhall be rhe Chord of 36 deg. and 
the Side of a Decagon. Double that Ark, you have 
the Ark of 72 dep. (whoſe Chord is the Side of a Penta- 

on) and it is the fifth Part of the Circumference; 
and the ſame Chord ſhall be alſo the Hypothenuſe ot 
a Rectangled Triangle, one of whole Sides is the Radi- 
us, and the other the Side of a Decagon. And as by the 
laſt was found the Chord of 60 deg. ſo by ſubtract- 
ing the Chord of 364eg. from 60 dep, you may haye the 
Chord of 2 4deg. which is the 1 5th Part of the Circum- 
ferencs, But for Practece, the ſhorteſt and ſureſt Way 
is, by repeated Trials with the Compaſſes to find a 
7 2208 | Diſtance 
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Diſtance that will go preciſely five times abour the | 
Circle: Then divide, after the ſame manner (by 
Trials) that Diſtance into three equal Parts exactly. 
So ſhall you gain a Chord that will divide the Cir- 
cumference into 15 equal Parts, and then dividing 
each of thoſe 15 Chords into four equal Parts, and 
each of thoſe into ſix; you will divide the whole 
Circumference into 360 deg. And this Diviſion is 
moſt commodious for Practice and Uſe. Note, that 
the Way to divide a Circle into 3, 5, 7, or into any 
other odd Number of Parts, is not yet found Geo- 
metrically ; Geometrically I ſay, that is, by mak. 
ing Uſe only of a ftrait Line and Circle. 

This Diviſion of a Circle into 360 deg. is very 
„ uſeful, when a Perſon underſtands how to uſe the 
©. Compaſſes of Proportion (or | 
t Sedor.) Tis ſo called, be- 
*© caule "tis a kind of Com- 
«© paſſes with broad Legs: 
As 4 B, aC, on which are 
„ deſcribed divers Lines 
% and Diviſions, but thoſe, | el 
e which are moſt in Ule, are of two Sorts. On one 
Side of this Sector, and on each Left, is a Line 
aeBand ae C, which ſerves to divide a Circle 
into 360 dep. at one, and alſo to rake at any 
time as many Degrees as you pleaſe: And this 

_ * Line on the Sector is thus divided. 5 

4. To divide and graduate the Sector, that it may 
ſerve for the Diviſion of a Circle. Imagine a Semi- 
circle à E D B accurately divided into 180 dep. if 
then from the Point a, as from a Center, you tranſ- 
fer the Diviſions of the Semicircle into a Line @ B. 
2 gr. If from E, 60 deg. you draw the Ark E e, 
and if from D 90 deg. in the Semicircle, you draw 
the Ark Dd, Sc. Then ought 60 deg. on ihat Leg 
of the Sector, to be placed ar the Point e, and ge © | 
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dep. at the Point d, Sc. And if you transfer the 
ſame Degrees after the ſame Manner into the other 
Leg a C. you will graduate the Lines a-B and a C, 
(on the Sector) as they ought to be for this Purpole, 
and will they be two ſimilar Lines of Chords. 

5. To explain the Uſe of the Sector as far as it ſerves 
for the Diviſion of a Circle, Let there be a Circle 
given Af; take with your Compaſſes the Radius Af, 
and (keeping that Diſtance) ſer one Foot of them in 
e Or 60 dep. on one Leg of the Sector; move the o. 
ther Leg of the Sector to and fro ſo long, till the other 
Point of the Compaſſes falls exactly on e or 60 deg. 
in that Leg of the Sector: So that the Diſtance ee 
be exactly equal ro the Radius Af: Then if you 

would have readily 90 degrees of that Circle; (ler- 
| ting the Sector lie ſtill, and always keeping the ſame 
2 Angle) Open your Compaſſes till the Points fall 
| 


exactly on d and d, or 90 dep. on each Side of the 

Sector: And then that Diftance transferred into the 

| Circle, in f, g. gives you the Ark of 90 deg. J, g. 
1 So alſo if you would have bad 35 deg. you need 
only apply your Compaſſes to 35 deg. and 35 deg. 
on each Leg of the Sector in the Lines (f Chords) 
4aBandaC: and that Diſtance transferred into the 
Circle, ſhall cur off the Ark of 35 deg. and thus 
may you proceed to find any Degrees you pleaſe. 
All which is grounded on the 42, 43, 49 and 50 
Propofitions of the VI. Book. For fince all Circles 
are ſimilar Figures, (6. 50.) the Chord fg will be 
to the Radius FA: : as the Chord of 4d to the Ra- 
din; ee; that is, as ad is to de. Now tis plain, 
from what hath been proved elſewhere, that the 
Triangles a4d and nee are fimilar ; and therefore 
dd: ee: : ad: a e. But dd is by the Conſtruction 
equal to fg, and e e to Af, wherefore Fg: AF:: 
da: ae. Q. E. D. | | = 
N 10 
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required to make an Angle 


| gle of 30 dag. 
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6. To divide the Line of equal Parts or Lines on the 
Sector, for the Diviſion of any Right»lines given. There 
being two Right-lines drawn from the 2 of the 
Sector on the Legs as 4B and 4 C: Let each be di- 
vided into loo or 200 equal Parts: And then they 


will ſerve to divide any Line gi- 


ven, into any Number of equal Ae 3 
Parts: As for Inſtance, let the 7 


Line given be cb, and that you Y 


were required to take 35 Parts of 
it. Now to divide the whole 
Line c b into 97 equal Parts, and then to take 25 f 
them according to the common Way of dividing 


Lines, would be very tedious : But by the Sector 


tis done eafily and ſpeedily thus; Take the Length 


of the whole Line c in your Compaſſes, and fir or 


apply it over in your Sector between 97 and 97 in 
each Leg, from B, ſuppoſe to C. Then letting the 
Sector lie open'd at that Angle, take in your Com- 


paſſes, the Diſtance between 25 and 25 in each Leg, 


or between e and e, which transfer into the given 
Line from b to /; ſo ſhall Y be juſt 25 of the whole 
Line ch: As is plain from the Triangles ABC and 
Ae e being ſimilar. | 

7. Ona Line given to make an Angle that ſhall con- 
tain any Number of Degrees 
aſſign d. Let the Line gi- 
ven be ac, on Which tis 


of 30 deg. From the Point 8 


a, as from a Center, ſtrike wn | 
the Ark fe, from which rake by the Sector, or other. 
wiſe, 30 deg, from e to f; then through / draw the 


Line 42}, which with the Line ac will make an An- 


2 8. Having 
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8. Having the Angles of any Triangle and one Side 
given to find the other two Sides. Suppoſe you are told 
there is a certain Triangle ſome where, whoſe Baſe 
AC is 10 Fathom; and that the two Angles at the 
Baſe are AC B 156 deg. and CAB 20 dep. (and 
conſequently the remaining Angle at the Vertex or 
Top muſt be 10 deg. tor the Sum of 150,20 and 10, 
is juſt 180 deg. which is two Right Angles). You are 
required to tell how many Fathom there are in the 
other Sides AB and A C. Make on Paper, or rather 
on fine Paſte board, a Triangle a b c fimilar to the 
propos'd one, after this manner. Take a Bale at 
pleaſure ac, and from any Scale of equal Parts let it 


— QI == Z 


be 10 Inches, half Inches, Sc. in Length. On this 
Line ae make two Angles, one cab of 20 deg. and 
the other 2c b of 150 (9. 7.) Then will the two 
Lines ac and cb croſs one another, when produced 
in the Point C. Then meaſure (on the ſame Scale 
yon took the Baſe a c from) how many Inches, &c. the 
Lines 4 b and cb are in Length; And you may be 
aſſured that there are juſt ſo many Fathom in the 
Lines AB add CB ſought, as you find Inches, c. 
or any equal Parts, in the Lines a band eb. For 
fince the Triangles are equiangular, they are ſimi- 
lar, and therefore ac: ab:: AC: AB, &c. 1 
9. To 


. 
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9. To meaſure Diſtances, Heighrr, Depths, and in 


general, the Dimenſions and Magnitudes of all remote 


and inacoeſſivle Places, If on the Top of any Hill ap- 
pearing ata Diſtance, there were a Tower, as BE, and 
its Diſtance from us and its Height, were required: 
You muſt firſt with ſome Inſtrument (as with a 


Quadrant, that is the fourth Part of a Circle divided 


into 90 deg. and furniſhed with a Ruler, or Label 
with Sights, and moveable on the Center) you muſt, 


I ſay, with ſome ſuch Inſtrument, take two Angles at 


two ſeveral Stations in this manner: If you are in 
the Station A, place your Inſtrument ſo, that one 

Side of it may anſwer exactly to the Horizontal Line 
AD; and keep it without raiſing or depreſſing it 
in this Poſition. Then place your Eye at A, (that 
is at the Center of the Inſtrument) and turn the La- 
bel till it point to the Top of the Tower B, and that 


l 
N 


Wl 
696% 


.de 


0 
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looking through the Sights you can ſee the Top of the 
Tower exactly; then will the Label cur in the Limb 
of the Quadrant the Degrees of the Angle BAD, 
for the Limb is {ſuppoſed to be graduared for this Pur- 
poſe : Then change your Station, moving in a Right- 
line forwards 10 Fathom (or it might have been any 
other Diſtance, and backward as well as forward) 
ro C, and there take after oy (ame manner the * 

| | gle 
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gle BCD: By which means you will have alſo the 
"Angle BCA, becauſe thoſe two together make 180 


"eg. or two Right ones. So that in the Triangle 


ABC you have now found the Baſe AC, which is 
10 Fathom, and aiio the two Angles at the Baſe; . 
and conſequently the Sides CB, and AB, may be 
known: (9. 18.) And then you may have the Height 
DB, or the Diſtance A D, if you make a little Tri- 
angle ſimilar to that, and there from the Point b, let 
fall a Perpendicular bd, to the Baſe Line A C con- 
rinaed to d. For BD, or AD will be juſt as many 
Fathoms as bd, and ad will be equal Parts meaſar'd 
on the Scale, (as in the laſt.) And if after you have 
thus gain'd the Height BD, you find, by the ſame 
Method, the Height E D alſo, you may (by Subrra&- 
ang this Altitude from the former) find the Height of 
the Tower EB. | | 


N. B. The common Quadrant, with a String and 

 Plummet, and with the Siphts fix'd on one of its 
Sides, is more convenient and ready than this of 
Pardie's, which is now out of Uſe, 


* Sometimes inſtead of advancing towards the 
** Tower, and of making Obſervations of the Height 
© below, or of thoſe Angles the viſual Rays make 

* with the Horizontal Line, it is convenient to take 
«© two Stations ſide-ways of each other; Bur it 
* comes all to the ſame, and the Practices in rea- 
< lity are not at all different. = ls 

And by this Means, as any one may ſee, may 
* all imaginable Heights and Diſtances, and other 
* Dimenfions be taken; provided we can but come 
tt ro obſerve their Extremities, from two different 
* Places. I ſhall not ſtay now to deſcribe the par- 
** ticular Ways of doing this; nor ro enumerate the 


great Advantages that would accrue from — 
| * 
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Side of rhe Inſtrument uſed in taking Angles; 
% which indeed is an Invention of ineſtimable Moe 
< fir to Surveyors, | 


10. To take the Plane of any Place. Let ABCDE_ 
be a City, or any other Place, and you were requi- 


red to take the Plane, and ro make a Draught of it. 


Take all the Length of its Sides, and of Lines daun 
from Angle ro Angle: And transfer all theſe upon 
Paper, laying them down according to their true 
Proportion. For Inſtance, having found A B ro be 


30 Paces, BC to be 59, CD aA 


ro be 50, B E to be 67, and A 5 
AE 49, Sc. and having ready Be - 
drawn on Paper, a plain Scale E &E I 
4 


divided into 100 equal Parts. C 
Make the Line ab 30 of ſuch | 
Parts; be, 67; andae, 49, 


then thoſe Lines drawn and join'd together will make 
the Triangle 4 be every way fimilar to the Triangle 


ABE. And if you go on thus, and make the Tri- 
angle bec, fimilar to B E C, Sc. you will form the 
Figure abcde every way ſimilar to the Plane of the 


Place ABCDE. 
11. Bur if you cannot get into the Place to ſurvex 


it, and to meaſure the Diſtance between the Angles 
FB and EC, you muſt take the ſeveral Angles of 
the Plane, and transfer them into your Draught; ſo 
that if the Angle BAE be 66 deg. the Angle bae 
muſt alſo be 66 deg. and ſo of all the reſt. 


12. To make a Draught of any City or Country. As | 


ſcend up into any two elevated Places, from whence 


you can plainly fee the City or Country, whoſe De- MY 


lineation you would make. And baving with you a 
Quadrant, whole Citcle, or Semicircle well divided 


into Degrees, together with irs Label (with Sights) 4 
and irs Center: Place your Inſtrument at A, and 1 


M 2 
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ſo that one of its Sides may lie in a Line between A 
and B, which done, and the Inſtrument fix'd there, 


obſerve the ſeveral Steeples, eminent Houſes, Tow- 
ers, Hills, and all other remarkable Places, as EDC, 
Sc · and take their Angles with the Label and Sights, 
and write them all down ro help your Memory, 
Thus, let the Angle CAB be 50 deg. 30 min. the 
Angle DAB 45 deg. 8 min. &c. Proceed after the 
ſame manner at the Station B; noting down the 
Angle ABC to be 40 deg. 10 min. the Angle ABD 
47 deg. 28 min. &c. After which, draw on Paper 
any Line at Pleaſure, as 4 b, and make, at each End 
of it, Angles equal to thoſe which you found, c ab 
equal to CAB, 446 equal ro DAB, and abc e- 
qual ro ABC, Sc. And by this Means you will 
have the Points c, d and e, &c. which will be in the 
ſame Poſition to one another as the Steeples, or o- 
ther eminent Places CD E, Sc. are. And thus 
baving drawn the moſt conſpicuous and principal 
Places, the reſt may eaſily be taken by the Eye: 
But to make this Operation very exact, tis conve- 
nient to take the Angles alſo at a third or fourth 
Station, and then, if they all agree, any one will 
know that the Work was well done, | 
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TABLE 


Of the Words and Terms of Arts ex- % A bit 


plained in this GEOMETRY. 


N. B. 'The firſt Figure ſhews the Book, the 
ſecond the Article. 


A 

Lternate and Inverſe 
A Proportion 6. 8,9 
4 Alternate, Internal 
1. 30 

Right, Obruſe and Acute 
1. 17 

External of any Triangle 
2, 10 

Oppoſite, Vertical ,Contiguons, 


Adjacent or Adjoining 1. 17 


Curvilineal, 
1. 6 


Retttlineal, 
mixt 


Subtending, Subtended 2. 17 


Angles of a Polygon, their 


Quantity 3. 23 
— fa segment 4. 2 
1 a Segment 4. 3 
A the Center, and at 

the Circumference of à Cir- 

cle 4. 8 
Angle Solid 5. 4 
Ark of a Circle 1. kl 


Area of a Triangle how 
| 3 18 


known 


"Comppounaes Proportion 


Area of a Circle, how gain'd 

4.31 

Arithmetical Proportion 8. 4 
B 


Aſe of a Triangle 2. 8 
B Of a Pyramid or Cone 
5. 6 

Bi-Quadrate 8. 10 
Body or Solid 1. 3 
= | 
Hord of a Circle 4. 2 
Their Powers 6. 67 
Circle Is 


Circumference of a Circle, a 
Right-line found equal to 
it 4 31 


Commenſurable Vantities. 


Complements of a Parallelo. 
Kas 3.12 


6. 11, 12 ; 

| Congruous or Concurring Fi. 

gures 22 
Concave 


P 
4 * % 
— 4 


Conca ve 1 8 
Cone meaſured 3 JA 
Contiguous Angles 14 7 


Content (Solid) of Parallelo- 
pipeds, Cylinders, Pyramids, 
Cones and Spheres, how 
found 3 

Continuum not compoſed of 


Finite Parts . 
Con verſe proportion 6. 12 
Converſe Propoſition 1. 33 
1 Con dex 13 
Cubes 8. 10. 34 

Cubic Number 7.29 
Curvilineal Angle I, 6 

3 Figure 2. 1 
Cylinder 5. 10 

| D. 

TA Egrees of Progreſſion 

D Geometrical 8. 10 

Degrees, Minutes, Seconds, 

, 1. 25 

Deſcribent 2,5 

Dirigent 2. 5 
Diagonal f Quadrilateral 

Figures 3,7 

Diameter 1. I2. 3. 7 

Diſerete Proportionals 6. 23 
Dodecahedron 5 IJ 


Diviſion of Proportion 6. 10 
Draught of a City or Coun- 


iry, how taken 9. 12 
* | 

Qual Parts 9. 16 

E Equi- lateral 3 

Equi- multiple 6. 15 


Ex quo a Species of Propor- 

tion ſo called 6. 13.14 
Extream and mean Proporti- 
62 


"The TABLE, 
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